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1 Introduction and statements of theorems 

One of the main questions in the field of complex dynamics is the question whether 
the Mandelbrot set is locally connected, and related to this, for which maps the Julia 
set is locally connected. In this paper we shall prove the following 

Main Theorem Let f be a polynomial of the form f{z) = z^ + ci with i an even integer 
and c\ real. Then the Julia set of f is either totally disconnected or locally connected. 



In particular, the Julia set of + ci is locally connected if ci G [—2,1/4] and 
totally disconnected if Ci G M \ [—2,1/4] (note that [—2,1/4] is equal to the set of 
parameters Ci G M for which the critical point c = does not escape to infinity). 
This answers a question posed by Milnor, see [ Mill |. We should emphasize that if the 
w-limit set uj{c) of the critical point c = is not minimal then it very easy to see 
that the Julia set is locally connected, see for example Section 10. Yoccoz [0] already 
had shown that each quadratic polynomial which is only finitely often renormalizable 
(with non-escaping critical point and no neutral periodic point) has a locally connected 
Julia set. Moreover, Douady and Hubbard [ DHl ] already had shown before that each 
polynomial of the form z ^ + ci with an attracting or neutral parabolic cycle has 
a locally connected Julia set. As will become clear, the difficult case is the infinitely 
renormalizable case. In fact, using the reduction method developed in Section 3 of this 
paper, it turns out that in the non-renormalizable case the Main Theorem follows from 
some results in | |Ly3| ] and [ [Ly5[ l , see the final section of this paper. 
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We should note that there are infinitely renormalizable non-real quadratic maps 
with a non-locally connected Julia set, see ||DH|] and [[Mil|| . Hence, the results above 
really depend on the use of real methods. On the other hand, Petersen has shown that 
quadratic polynomials with a Siegel disc such that the eigenvalue at the neutral fixed 



point satisfies some Diophantine condition is locally connected, see |^ 



In principle, the methods of Yoccoz completely break down in the infinitely renor- 
malizable case and in the case of polynomials with a degenerate critical point. The 
purpose of Yoccoz's methods is to solve the well-known conjecture about the local 
connectedness of the Mandelbrot set and therefore, some version of our ideas might 
be helpful in proving this conjecture. For a survey of the results of Yoccoz, see for 
example ||Mil|| and also ||Ly4 |. 

We should note also that Hu and Jiang, 



see 



HJ and [Jil have shown that for 



infinitely renormalizable quadratic maps which are real and of so-called bounded type, 
the Julia set is locally connected. Their result is heavily based on the complex bounds 
which Sullivan used in his renormalization results, see ||Sul|| and also the last chapter 
and in particular Section VI. 5 of ||MS|| (cf. also ||Ji2|] ). 

In fact, our methods enable us to extend Sullivan's result to the class of all in- 
finitely renormalizable unimodal polynomials independently of the combinatorial typel 
We should emphasize that these complex bounds form the most essential ingredient 
for the renormalization results of Sullivan |SuI|; in fact in McMuUen's approach to 
renormalization, see |[McM|| , these complex bounds play an even more central role. In 
the previous proofs of the complex bounds see ||Su| , and also Section VI. 5 of [|MS| 



it is crucial that the renormalization is of bounded type and, moreover, the proof is 
quite intricate. Therefore we are very happy that our methods give a fairly easy way 
to get complex bounds independently of the combinatorial type of the map (i.e., only 
dependent of the degree of the map): 

Theorem A Let f be a real unimodal polynomial infinitely renormalizable map. Let 
js{n).^ — > 6e a renormalization of this map. Then there exists a polynomial-like 
extension of this map f^^"^:il'^ — > f2„ such that the modulus o/f2„\f2^ is bounded from 
below by a constant which only depends on i and such that the diameter of fin is at 
most a universally bounded constant times the diameter ofVn- 

The way we prove that such sets f2„ exist is through cross-ratio estimates. In fact, 
the estimates are similar to those that were made previously in | |S1N |. In this way, we 
are able to get the 'complex bounds' of Theorem A similar to those used by Sullivan 
in his renormalization result. Note that our bounds are completely independent of the 
combinatorial type of the map. We should note that Theorem A and its proof hold for 
any renormalization f^ of (a maybe only finitely renormalizable map) / provided /^^ 
does not have an attracting or neutral fixed point. 

In the non-renormalizable case we also have complex bounds. Firstly, for each level 
for which one has a high return one has a polynomial-like mapping. (Our definition of 
high case also includes what is sometimes called a central-high return, see the definition 
in the next section.) 
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Theorem B Let f\z) = z^+Ci with i an even integer and Ci real be a non-renormalizable 
polynomial so that uj{c) is minimal. Assume W is the real trace of a central Yoccoz 
puzzle piece and F: UV^ ^ W is the corresponding first return map (on the real line) 
and assume that this map has a high return, i.e., assume that F{V^) 3 c where V'^ is 
the central interval. Then there exist topological discs fi* and Q with fi* fl M = l^* and 
fl (IM. = W and a complex polynomial-like extension G: Uj^* —>■ Q of F. The diameter 
of the disc fl is comparable to the size ofW. 



Moreover, one has the following result which follows from ||Ly3|] and [[Ly5|| (as was 



pointed out to us in an e-mail by Lyubich). Graczyk and Swi§tek informed us that 
they also have a proof of this Theorem C. 

Theorem C [Lyubich] Let f{z) = z^ + ci with £ an even integer and ci real be a 
non-renormalizable polynomial so that uj{c) is minimal. If W is the real trace of a 
central Yoccoz puzzle piece and F: UV"* ^ W is the corresponding return map (on the 
real line). Then after some 'renormalizations' one can obtain an iterate F: UV^ W 
of F with W <ZW such that there exist topological discs ^2* and VL with r^^flM = V* and 
n n M = and a complex polynomial-like extension G: Ujil* ^ of F. The diameter 
of the disc Q is comparable to the size ofW. 

Let us say a few words about our proofs. The main idea behind our proof of the 
Main Theorem is to construct generalized polynomial-like mappings Fn- Ujf2^ Qn 
which coincide on the real line with the first return maps to certain Yoccoz puzzle- 
pieces. To do this we first obtain real bounds to get Koebe space: these are based 
on a sophisticated version of the 'smallest interval' argument. They are a sharper 
version of those used before by Blokh, Lyubich, Martens, de Melo, Sullivan, van Strien, 
Swi§tek and others. Using those real bounds and the use of certain Poincare domains 
we construct these polynomial-like mappings and show that the diameter of these 
domains is comparable with that of the interval f2„ fl M. Next we compare these 
polynomial-like maps with those from the Yoccoz puzzle because the intersection of a 
Yoccoz puzzle-piece with the Julia is connected. Next we show that the Julia set of 
the polynomial-like mappings of the Yoccoz puzzle coincides with the Julia set of the 
polynomial-like mappings F„, see Section 3. Since these domains get small, we are able 
to conclude local connectivity of the Julia set. 

The paper is organized as follows. In Section 2 some background information is 
given and in Sections 3 and 4 we give an abstract description of our method for proving 
local connectivity of the Julia set. In Section 5, 6 and 7 we develop real bounds which 
will enable to estimate the shape of the pullbacks of certain discs or other regions. We 
should emphasize that the real bounds in these sections hold for all unimodal maps 
with negative Schwarzian derivative. In Sections 8 to 13 we apply these estimates to 
several cases. The reader will observe that certain cases are proved by several methods. 
For example, in Section 8 the local connectivity of the infinitely renormalizable case 
with £ > 4 is proved, while this case also follows from the estimates (for a more general 
case") in Section 12. However, the domains in Section 8 are discs and those in Section 
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12 are considerably more complicated. We believe that for future purposes it might be 
important to have good domains, and therefore even if it was sometimes not necessary 
for the proofs of our theorems, we have tried to treat each case in a fairly optimal way. 
In the final six pages of this paper - Section 14 - we prove Theorem C and complete 
the Main Theorem in the non-renormalizable case. 

Finally, a short history of this paper since several others have partial proofs of 
Theorem A and the Main Theorem in the quadratic case. Firstly, we were inspired 
by the papers of Hu and Jiang, see [[HJ|| and ||Jil|| where it is shown that infinitely 
renormalizable maps of bounded type (where Sullivan's bounds hold) have a locally 
connected Julia set. The first widely distributed version of our paper (dated December 
31, 1994) included the proof of the Main Theorem in the quadratic case, the infinitely 
renormalizable case. Theorem A (without doubling) and also some non-renormalizable 
cases. Subsequently, Theorem B was included in the version of this paper of January 
27, 1995. Graczyk and Swititek distributed a preprint with a proof of Theorem A in the 
quadratic case on February 3, 1995. Lyubich and Yampolsky gave an alternative proof 
of the Main Theorem and Theorem A in the quadratic case, in a draft dated February 
22, 1995. The 'quadratic' proofs of Graczyk, Swi§tek, Lyubich and Yampolsky of 
Theorem A improve our estimates in certain cases because it sometimes allows one to 
obtain annuli with large moduli, but those proofs seem to heavily rely on the map being 
quadratic. (In view of the estimates in [ [SM[ | such large moduli cannot be expected to 
exist in the higher order case.) After we told Lyubich about our methods to obtain local 
connectivity, he realized the relevance of his methods, see [|Ly3|] , ||Ly5|| , for proving local- 



connectivity in the non-renormalizable case. In an e-mail dated February 10, 1995, he 
told us how to prove Theorem C using these methods, thus completing the proof of 
the Main Theorem in the non-renormalizable case. To make this paper self-contained 
we added his proof in Section 14 in our paper, in the version of April 5, 1995. 

The first author would like to thank the University of Amsterdam where this 
work was started. His research was partially supported by BSF Grant No. 92-00050, 
Jerusalem, Israel. We thank Ben Hinkle for a useful comment and sending us a very 
detailed list of typos. We thank Misha Lyubich for telling us about his results in |P^y3|| 
and | [Ly5| | and pointing out to us that they imply Theorem C. We thank Edson Vargas 
for many discussions and explanations about the ideas in Section 4 of ||Ly3|| . Finally, 
we thank Curt McMuUen, Mitsu Shishikura and Greg Swicitek for some very helpful 
remarks. 



2 Some notation and some background 

Let / be a real unimodal polynomial. For example, f{z) = + ci where i is even. 
We find it convenient to denote the critical point by c, i.e., c = 0. The critical value 
is therefore ci = /(c) and we shall write Cg = /*(c). When w ^ c then we shall define 
t{w) to be the point ^ w so that /(r(w)) = f{w). For our specific map, we have 
t{z) = —z but since most results in this paper do not rely on the specific form of the 
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\T\ 


\L\ 


\R\ 



map / we shall write t{z) rather than —z. If A, B are intervals then we shall write 
[A, B] for the smallest interval containing A and B. Furthermore, we shall use the 
following notation 

(A, B] = [A,B]\A , [A, B) = [A, B]\B and {A, B) = [A, B]\{AUB). 

As usual, if J C T are two intervals and L, R are the components of T \ J then we 
define C{T, J) to be the cross-ratio of this pair of intervals: 

C(T, J) 

Here \U\ stands for the length of an interval U. Cross-ratios play a crucial role in all 
recent results in real interval dynamics. Often, it suffices to use some qualitative esti- 
mates based on the so-called Koebe Principle. In our analysis, we shall need somewhat 
sharper estimates, which are based on direct use of the cross-ratio. For example, we 
shall often use the inequality that 

\L\/\J\>C-\T,J). 

If is a map which is monotone on T and Sg < then 

CigT,gJ) > C(T, J), i.e., C-\T, J) > C-\g{T), g{J)). 

In our case we shall apply this to maps g of the form Since Sf < one has also 
that Sf^ < so the previous inequality applies when we take g = f"' and /"|T is 
monotone. The Koebe Principle states that if Sg < and J G T are intervals so that 
g:T ^ g{T) is a diffeomorphism and so that each component of g{T\J) has size T\g{J)\ 
(i.e., g(T) is a r-scaled neighbourhood of g{J)) then \Dg{x)\/\Dg{y) \ < (1 + r)^/r^ for 
each x,y E J. The intervals g(T\J) are referred to as 'Koebe space'. We shall also use 
the following fact: if Sf < and if /"|T is monotone and has a hyperbolic repelling 
fixed point, then f^iT) D T. 

We say that W is a symmetric interval if it is of the form W = [w,t{w)]. The 
boundary point w is called nice if f^{w) ^ W for alH > 0. Note that there are plenty 
of nice points: each periodic orbit contains a nice point. Also, if / is not renormalizable, 
preimages of the orientation reversing fixed point of / can be used to find nice points. 
This is done in the Yoccoz puzzle, see also the proof of Theorems B and C. Nice points 



are also considered in, for example, the thesis of Martens | Mai ] , see also Section V.l 
of |M5p. 



If / is renormalizable, then we can take for m„ the points which are in the boundary 
of an interval 9 c which is mapped into itself in a unimodal way after q{n) iterates. 

If / is not renormalizable then we can construct a sequence of nice points m„ as 
follows. Assume that / has an orientation reversing fixed point uq- Then we define Un 
inductively as follows: let k{n) be the smallest integer such that 



Mr 



i,rK_i))n(utor>o))^ 
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and let Un,T{un) be the points in this intersection which are nearest to c. If / has no 
periodic attractor, then Un is defined for each n. It is easy to see that each Un is a nice 
point. 

Let us explain why these nice points play such an important role. Let W he a, 
symmetric interval with nice boundary points. Let 

Dw — {x ; there exists A; > such that f''{x) e W}. 

For X e Dw let k{x) be the smallest integer /c > for which f''{x) e W and define 

Rw{x) = f^^'Kx). 

Let V be the component of Dw which contains c and take s' G N be so that -Rvi^|K = /*'. 
Because W has nice boundary points, each component - except the component V - oi 
the domain of Dw is mapped diffeomorphically by Dw onto W. Clearly, V is symmetric 
and also has nice boundary points. Similarly, let U be the components containing c of 
the domain Dy of the first return map Ry- Take s e N so that Rv\U — Note that 
/([/), . . . , f^{U) are disjoint and that similarly fiV), ...,/* {V) are also disjoint. 

We say that Ry has a high return if Rv{U) 3 c. (We should emphasize that 
this situation also includes the so-called central-high return case.) This implies that 
Rv{U) = f^{U) contains a component of 1/ \ {c} and therefore f^^^U) D r{U) for 
i > 1. 

It is possible that U = V = Wisa. periodic interval: in this case / is renormalizable 
and s' = s is the period of this interval V . In this case, we certainly can assume that 
Rv'- V ^ V (which is equal to in this case and consists of one fold) has a high 
return: otherwise this return map has a periodic attractor and therefore we do not 
have to consider this case. 

If / is non-renormalizable and the critical point of / is recurrent, then taking 
Wn-\ = [wn-i, t(m„_i)] one gets as the domain of Rw„^^ containing the critical point 
the interval Wn = [un, T(Mn)]- In Theorem B we demand that there are infinitely many 
n's for which R-w^ .^ has a high return. 

Finally, as in the complex bounds of Sullivan, we shall use the Poincare metric on 
a sht region in the complex plane. Given a real interval T we shall write D^{T) for 
the disc which is symmetric with respect to the real line and which intersects the real 
line exactly in T. More generally, if T is a bounded real interval and a G (0, vr) then 
D{T]a.) will denote the union of two discs which are symmetric w.r.t. the real axis, 
intersect the real line exactly in T and which have an external angle with the real line 
of angle a. The reason these sets play an important role, can be explained as follows. 
Let Ct = C \ (M \ T). The set Ct with two infinite slits, carries a Poincare metric, 
and with respect to this metric the set D{T\ a) consists of all points whose distance to 
T is at most equal to some constant k{a). From this interpretation and the Schwarz 
contraction principle, it follows that if 0: Ct — ^ C^' is a univalent conformal mapping 
sending T diffeomorphically to T', then 



4>{D{T-a))^D{T'-a). 



(2.1) 



Local connectivity of the Julia set of real polynomials 



7 



We shall apply this statement, in the following way: 

Lemma 2.1 Let F: C — C be a real polynomial whose critical points are on the real 
line and which maps T' diffeomorphically onto T , then there exists a set D C D{T'; a) 
with D = T' which is mapped diffeomorphically onto D{T] a) by F. 

Often we shall use a = 7t/2 and so we define 

D,{T)=D{T;n/2). 



Method showing that the Julia set of two polynomial- 
hke mappings coincide 



We shall use the fundamental notion of polynomial-like mapping [DH| or more precisely, 
we need its extension due to Lyubich and Milnor from |P^M]| . Let D^, D^, . . . , D^, and 
D be topological discs bounded by piecewise smooth curves and such that the closures 
D", . . . are contained in the interior of D, and such that each the discs D^, . . . 
are pairwise disjoint. Then we call 

R: D'\JD'\J...\JD'^D 

by i-polynomial-like if R\dj is a univalent map onto D for each j = 1, . . . ,i and R\do is 
a £-fold covering of onto D. If i = in this definition, we obtain a polynomial- like 
map in the original sense of Douady-Hubbard. 

The filled Julia set of R is said to be the set C U*^qD-^ of the points z such that 



R'' 



is defined for all k 



The Julia set Jr = OFr- An equivalent definition 



of the filled Julia set Fr is: 



k=l 

We shall use an extension of the Straightening Theorem due to Douady and Hub- 
bard, |pH|| ■ This extension was also used in Lemma 7.1 of ||LM|] , for the case that 
i = 1. 



Lemma 3.1 Let R: U . . .U —>■ D be a i-polynomial-like map. Then R is quasi- 
conformally conjugate to a polynomial in neighborhoods of the filled Julia set Fr and 
filled Julia set of the polynomial. 

Proof: Let us first pick a point Xq G -D \ {D^ U . . . -D*) and choose closed simple curves 
7o, . . . , ■jf. [0, 2tt] — > C such that 7i(0) = 7i(27r) = xq, the curves ■ji only meet at xq and 
7i surrounds D\ Moreover, we choose the function 7^ to be smooth and so that ^7j(0) 
and ^7i(27r) are two vectors based at xq having an angle 7r/{i + 1). 

If, for example, i = 1 then 70 U71 is a figure eight. Next pick a curve 7 in C\i5 and 
a point Xi e 7. Moreover, choose a smooth function defined on a neighbourhood 
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of Xq such that 0(xo) = Xi and so that maps 7i fl diffeomorphically to 7 fl 4>{N) for 
each i = 0,1, . . . ,i. In local coordinates this map will have an expression of the form 
z I— i> z^~^^ plus higher order terms, i.e., this map will have a critical point of order i + 
Now let Aj be the open annulus between 7^ and and let A be the open annulus 
between 7 and D. Moreover, find a smooth map R: Aj —>■ A which extends to the 
closure of these sets so that it agrees with R on dD^ and with on the neighbourhood 
N of Zo- Choose this extension so that (p: Aq A is a ^-covering and 0: Aj —>■ A is a 
diffeomorphism for j = 1, . . . ,i. This map R becomes an extension of R if we define 
it equal to R on U . . . U D\ Next choose r > 1 so that the circle centered at the 
origin with radius r > 1 surrounds AqU . . .U Aq. We can extend i? to a map i?: C — > C 
so that R{z) = z^^'^ for |z| > r and so that R coincides with on U . . . U Aj. The 
map R on the annulus {2; ; 1^1 < r} \ (Aq U . . . U A^ is a ^-covering map to the annulus 
{z\ \z\ < {i + i)r}\A. 

Now we use the standard trick from the Straightening Theorem. Take a standard 
conformal structure (i.e., the Beltrami coefficient /i = 0) on the basin of cxd of i? and 
extend this structure to a function /x: C — > {z ; \z\ < 1} which is invariant under 
R. Since R is conformal near infinity and on U . . . U D^, there are only a bounded 
number of points in each orbit of R where this map is not conformal. It follows that the 
supremum of is bounded away from one, and by the Measurable Riemann Map- 

ping Theorem, it follows that there exists a quasiconformal homeomorphism h:C^C 
with h[oo) = 00 which has fi as its Beltrami coefficient. Since /i is invariant under R, 
it follows that 

hoRoh-^ 

is an holomorphic {£ + i)-covering. Hence R is quasiconformally conjugate to a poly- 
nomial map P (of degree {£ + i)). □ 

A corollary is: 

Corollary 3.1 The Julia set Jr is the limit set for the preimages of any point z E D 
(except, in the case that i = 0, for the point zero where zero is the i-multiple fixed point 
ofR). 

We can use all this to show that the Julia set of two polynomial-like mappings 
coincide. In the applications of this we shall later on use for one of these the polynomial- 
like mapping of the Yoccoz puzzles. 

Proposition 3.1 (cf. |70|/ , ^Mcl^} .) Let 

Ri:D',[jDl[j...[jDl^D„ 

be two i-polynomial-like mappings, such that the critical point c of these maps coincide. 
That is, c G fl D2 is the unique and i-multiple critical point for both Ri and for R2 . 
Moreover, assume that the following conditions hold: 



Local connectivity of the Julia set of real polynomials 



9 



1. Ri{z) = R2{z) whenever both sides are defined, so that Ri and R2 are extensions 
of the same map R. 

2. Let C he the component of Di fl D2 which contains R{c). Then also c E C, and 
there exist precisely i other points c^, . . . , c* so that G D{nD2 and R{c^) = R{c), 
and, furthermore, c^, . . . ,d & C. 

Under these conditions, the Julia sets of Ri and R2 coincide: 

Jri = Jr2- 

If, additionally, c G J/j^, (and, hence, a G JR2), then there exists a component of a 
preimage i?^"'(D2)j which contains c and is contained in Di. 

Proof: For k = 1,2, let . . . ,Cl be the components of R^^{C), such that c' G 
when j 7^ 0, and c G C°. Firstly, -R^: — >• C is a covering, which is just one-to-one 
if j 7^ 0, and Rk'-C^ — > C is a ^-branching covering. In particular, boundaries are 
mapped to boundaries. Since Ri = R2 on the common domain of definition, we get 
that, in fact, Cl = C2 '■= , for every j. Secondly, because of 2), each component 
has a point in common with the component C . Since is connected and is 
contained in both Di and D2, it belongs to a component of Di fl D2 containing c' , i.e., 
C C . Now consider a map i?: C° U U . . . U C* — > C, which is one-to-one on every 
,i 7^ 0, and £-to-one on C°. Take a point x G C. Then R~^{x) is a subset of C and 
it consists oil + i points (counting with multiplicities). That is, 

for any x G C, the sets Ri^{x) and -R^^(x) coincide and belong to C. (3.1) 

Starting with xq G C , we apply the corollary to Lemma and ( p.l| ) to get Jr^ = 
Jr^ := J. If c G J, then consider a component K of J containing c. Since K d Di, 
there exists a component of a preimage i?^'^(Z)2), which contains K and is contained 
in Di. □ 



In the sequel we will use a particular case of Proposition ^71]. Let us state it 
separately: 

Proposition 3.2 Let 

Ri:D',[jD\[j...[jD\^D„ 

R2--Dl{jDl{}...{}Dl^D2 

he two i-polynomial-like mappings, such that the critical points of Rk coincide, this 
point c G n D2 and is a i-multiple critical point of hoth Ri and R2 ■ Moreover, we 
assume that the following conditions hold: 

1. Ri{z) = R2{z) whenever the hoth parts are defined, so that Ri and R2 are exten- 
sions of a map R. 
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2. For k = 1,2, all topological discs Dj^, D'l, . . . , Dl are symmetric w.r.t. the real 
line M and satisfy Rk{z) = Rk{z). 

3. Denoting Ik = Dk fl M and II = D]. fl M, one has I2 ^ Ii, li ^ ^i! '^''^d, for 
j = 1, . . . ,i, the (real) map R^. !{ Ik is one-to-one. 

Under these conditions, the Julia sets of Ri and R2 coincide. If, additionally, c G M lies 
in the Julia set of Ri (and, hence of R2), then there exists a component of a preimage 
R2^{D2), which contains c and is contained in D\. 

4 How to construct a polynomial- like mapping? 

Let /: C ^ C be a map of the form f{z) = + Ci with ci real and I an even positive 
integer. Let V he a, (real) symmetric interval with nice boundary points. Let U be the 
component of the domain of the first return map to V containing c and let U be the 
component of this map containing f{U) 3 Ci. Take s so that Rv\U = f^. 

Proposition 4.1 Let U D f{U) he the interval which is mapped diffeomorphically onto 
V by /'*~^ Write = fiy), V = [v,t{v)] and If = [if^,u-^]. Here = f{u) and 
is a point which is not the f -image of some real point. Assume 

— ci| < If-'' — ci|. (4.1) 

Moreover, assume that the critical point c = of f is recurrent, i.e., all iterates of 
c under Ry: Dy — ^ V remain in Dy and that uj{c) is minimal. Then there exists a 
i-polynomial-like mapping 

R: D°U...UD' ^ D^V) 

such that c & Jr. Here V = V if U ^ V (i.e. f '^'.U V is not a renormalization) , 
and V is equal to some e -neighbourhood ofV with e > small enough if U = V (i.e., 
when f^'.U ^ U is a renormalization) . The map R is a real polynomial on each of its 
components and M fl are the components of Dy fl V intersecting points of uj{c). 

Proof: Since f:uj{c) uj{c) is minimal, each point x G uj{c) is in the domain of the 
map Ry. By compactness, there exists therefore a finite covering of uj{c) of disjoint 
intervals I^, . . . ,P consisting of components of Ry with J° 3 c. Let us first consider a 
component P with j 7^ 0. Since then P ^ c we get that Ry maps P diffeomorphically 
onto Ry{P) = V and it follows that there is a region contained in D^{P) which 
is mapped diffeomorphically onto D^:{V) by Ry. So consider P = U = [u,t{u)\. The 
map /*^^ sends JJ D f{U) = /(/°) 3 diffeomorphically onto V. Again there is a 
region D' 3 c\ contained in D^{U) which is mapped diffeomorphically onto D^iV) by 
f '-^. Because of (^), the /-inverse 1)° of D' C D^{U) is contained in D^{V). 

In the case of renormalization, we replace V above by its e-neighborhood V, with 
e > so small that ( [4.1D holds for the new points , and so that the new interval U 
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is strictly inside V (this is possible since in this case the point m is a repelling periodic 
point of /^). □ 



Remark 4.1 As we will show in Section one can apply this proposition for any 
renormalizable unimodal polynomial f of degree i > 4. In addition, we shall give a 
specific bound for the modulus of the corresponding annuli in Section |^. For the degree 
£ = 2 we will need a modification of the above domains: see Section |^. 



5 Real bounds if Ry has a high return 

As before, let W he a symmetric interval with nice boundary points, let Rw be the 
first return map to W and let V be the domain of Rw containing c. Similarly, let Ry 
be the first return map to V and U the component of the domain of Ry which contains 
c. Let U (resp. V) be the component of Ry (resp. of Rw) containing the critical value 
Ci- Let s, s' be so that Rv\tJ = f^~^ and Rw\V = f^'~^. 

In this section we will assume that Ry has a high return and derive some condi- 
tions which - when satisfied - will imply that the component of the which 
contains c is contained in D^.{y). 

Let i be the component of ?7 \ Ci which is outside [ci, C2], i.e., j = U \ f(U). If Ry 
has a high return, f^~^\f{U) contains c and so we can define r to be the interval in 
f{U) which contains Ci and such that /*~^(r) 3 c. Furthermore, let I be the maximal 
interval having a unique common point with the boundary point of If outside [ci,C2] 
on which f^~^ is monotone. We also write, 

U=[u,t{u)], U=[uf,f{u)]3c,, t = lUjUr, V=[v,t{v)], 



l' = f'-\l), j' = f'-\j), r' = f^-\r), t' = l'Uj'Ur' 

and 

L = r (/), J = r (j), R = and T = L U J U i?. 

Mark the typographical difference between the degree i and the interval The situation 
is drawn below. (The fat lines denote the part near ci which is inside the interval [ci, C2]; 
note that the map is orientation reversing.) 
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/ 



J R 



Cs+l 



I' f r' 



Cl 



t{v) Cs 



f 



s-1 



Cl 



The intervals of Lemma \5.1. 



Given V as above, take a E L (including possibly v-^), choose b E I so that = a 
and define 

Ki,{a) = -. 

\a — Ci\ 

In the case that a = and h = this becomes 



f-^-Cil \JUR\' 
This number is important for our question. Indeed, if 

Kiivf) < 1 (5.1) 

then, if/(2;) = z^+ci then we get that /'"'^(D*(u-^, m-^)) C D^{v,t{v)). As in Lemma ^ 
this allows us to get a polynomial-like extension of Ry:Dy — > V. In this section we 
shall derive a condition for (|5.1|) . Define 

ki — Cs+i| \R\ 



\T\ \T\ 
\a — Ci\ 



\T\ 

This last quantity measures the amount of 'extendability' around [a, ci]. For example, 
\i a = then y = l_^_\^/]^\J^JJl\) where |L|/(| J U -R|) is the 'space' which exists around 
f{V) = JUR. 



Local connectivity of the Julia set of real polynomials 



13 



Lemma 5.1 (See also Proposition 3.2 in / |5A|/ . ) Assume that Ry has a high return 
and that has no neutral or attracting fixed point. Then 

KAa) < 



Proof: Denote J = [a,Cs+i], L = T \{RU J). Then instead of we can choose 
some intervals j' J so that f{j') = J, f{l ) = L), and l,j replace the intervals i.e., 
I = f~^'^~^''(l ), j = f^^^^^Kj ))- If ^his, then the intervals r', r, R do not change. 

Write 

a = \r'\,]3 = |r' u/|,7 = |r' u / Ul'|, 



and 



^ 1^1 • \T\ , ■ \t'\ 
\L\-\R\ \l'\-\r'\ 



Then, from the expansion of the cross-ratio's 

|L|.|i?|-^-|I|.|r|-^-|r|' 
and using this inequahty we get 

IlUa) = |7U i?|/|J| > (|JU i?|/|r|) ■ g ■ ■ \R\)/{\J\ ■ \T\) 

> \1UR\-\L\ _ \luR\-\l'\-\r'\ 



\im \j\ . \T\ \R\ . ij'i . If I 

\i \y\ 

7 ■ (/5 — a) • a' 

Here we have used in the last inequality that |r| < \R\ which holds because f'^''^\r has 
no periodic attractor. Now writing f] /'j'' = y and a'/7' = t the lemma follows. □ 



Corollary 5.1 

so that 

K;{y)^l/{e-log{l/y)) 

as £ ^ oo. 
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Example 5.1 . 

(a) If the extendability space is 0.6, i.e., yi = 1/(1 + 0.6) = 0.625 then 

K*{yi) = 1.19371..., Kliyi) = 0.951366... < 1. 

(b) If the extendability space is 1/2, i.e., if y2 = 1/(1 + 1/2) = 2/3 then 

K;{y2) = 1.36237..., Kl{y2) = 1.0941.., K*(?/2) = 1.02502.., K;{y2) = 0.993... 

(c) If the extendability space is 1/3, z.e., 1/3 = 1/(1 + 1/3) = 3/4 then 

K;{y3) = 1.8660... and lim K^iy^) 1.2788.... 

£■^00 

This means that with these estimates for the extendability space, we can apply the 
method suggested by Proposition ^TJ respectively for i > 4, i > 8 and not at all in the 
last case. (In fact, if we can prove the space is more than e^l^ — 1 = 0.44466.. then we 
could apply this method for each i sufficiently large.) In the last section of this paper 
we shall use a slightly different method (using different Poincare neighbourhoods) which 
also works when the space is equal to 1/3. 

In the next two section we shall derive estimates for the number y from above. 

6 Lower bounds for 'space' in the renormalizable 
case 

In this and the next section we shall derive lower bounds for the number y, i.e., find 
lower bounds for 'space' by looking for a 'smallest' interval among a finite number of 
intervals. This idea is used in a large number of results in one-dimensional dynamics. 
In particular we were inspired by the thesis of Martens [|Mai|] or, specifically, by Lemma 



1.2 in Section V.l of ||MS|| . In this section we shall obtain quite sharp bounds, which 
will enable to deal with all real infinitely renormalizable maps z ^ + Ci of degree 
i > 2. Unfortunately, the proof splits in quite a few subcases. The main result in the 
section is Lemma |6]^. In the next section, we shall obtain weaker bounds which work 
in a more general context; these weaker bounds only apply to the case that i > A. 
Let V D f{V) be the interval which is mapped monotonically onto W by f^ 

Lemma 6.1 Let 2 < k < s' and let Hi be the maximal interval containing f{V) such 
that f^\Hi is monotone. Then f^{Hi) contains f^{f{V)) and on each side of this 
interval also an interval of the form f^{V) with i < k. 

Proof: Let Hi^-, Hi,+ be the components of Hi \ f{V). From the maximality of Hi it 
follows that there exists i' < k such that /* (-ffi,+) contains c. Since /* """^(V^) is outside 
W it follows that /* (-ffi,+) contains one component W+ of ly \ {c}. It follows that 
f^{Hi^+) contains f^-''{W) D f^-''{V). Since the same holds for Hi the lemma 



Local connectivity of the Julia set of real polynomials 



15 



follows. 



□ 



/ 



nf{v)) 



fiV) i/i, 



Cl 



The proof of Lemma 



Let (j D f{U) be the interval which is mapped monotonically onto V hy f 



Lemma 6.2 Assume that Rw has a high return and let I he one of the two maximal 
intervals outside U for which f^\l is monotone and which has a unique common point 
with U . (If we take the interval which is outside [ci, C2] then it is equal to the interval I 
from Lemma Then L := f^{l) contains an interval of the form f^{V), 1 < i < s' . 

If U = V (so f is renormalizable with period s ) and f is not also renormalizable of 
period s/2 then L := contains two distinct intervals of the form f'^^iV), ^^'^{V), 
with l<i + 2,s — i<s' and i + 2 ^ s — i. 



Proof: Let H = lutj . By maximality of H there is i with < i < s such that f^{H) 
contains c in its boundary. Choose i maximal with this property. Since f^{U) is outside 
V it follows that f^{H) contains one component V4. of \ {c}. Hence f^^^{l) contains 
f{V) and therefore f^^^{H) contains f^^^^^{V) (and also a point in f^^^{U) = V). 
Since Rw has a high return and f^^^ifiV)) contains c in its interior, and since by 
definition /*|/ is monotone, it follows that s — i < s'. Hence f^~^{H) contains one of 
the intervals fiV),..., f''-\V). 

Now assume that U = V and take H = f\H) = [a, f\U)]. If f'-'-\H) = f''\H) 
only contains f'-'~\V) from the collection f{V), f''{V), then f'-'-\V) = f'-'-\U) 
is contained in the interval f^{U) (i.e., f^^^iU) = f^~''~^{U)). Hence s — i — l = i + l, 
i.e., i + 1 = s — i — 1 = s/2. It follows that /'^"*"^ = /'^^^ maps [H,t{H)] inside 
itself. Since, by assumption, this interval only contains two of the intervals of the 
orbit V, . . . , /^~^(V^), it follows that / is also renormalizable of period s/2. Therefore 
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f'-\H) contains f-'-^V) and f-^\V). 



□ 



/ 



-i-l 



L = ni) f{v) 



r\v) 



Cl 



v = r-\u) 



u 

I U\f{U) f{U) 



Cl 

The proof of Lemma W_ 



Lemma 6.3 Assume that U = V has period s and f is not also renormalizable of 
period s/2. Consider the disjoint intervals f{V), . . . , f^iV) and assume that f{V) and 
f'^{V) are both smaller than their neighbours. Then there exists an integer k > 2 such 
that f^{V) is shorter than its two neighbours from the collection f{V),...,f^~^{V). 
Take k maximal with respect to this property. Let 1 < iQ,ii < k be so that /'"(V"), f^^{V) 
are the neighbours of f^iV) from the collection f{V), . . . , f'^'^iV). Let 

Qk = [f''{v)j'^{v)] 

and define Hi D f{V) to be the maximal interval on which f^~^ is monotone. Then 
Hk = f^~^{Hi) D Qk- Let Zk C Hk be the maximal interval such that each component 
of Zk\Qk contains at most one interval of the form f^{V) with k < j < s. If we define 
Zi C Hi so that Zk = f'-^Zi) then 



C-'iZiJ{V))>0.6. 



Proof: Such an integer k exists because otherwise {2, . . . , s'} 3 k \f''(y)\ would 
be increasing, contradiction our assumption that f'^{V) is smaller than its neighbour. 
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Let iojii be the intervals as in the statement of the lemma. By the choice of k these 
neighbours are longer than f''{V). Let 

Qk = [r{v),r{v)]Dfiv). 

Throughout the remainder of the proof we shall consider the case that f^°{V) lies to the 
left of f^^lV). Notice that the fact that f^°{V) and f^^{V) are neighbours implies that 
Qk only contains intervals of the form /■'{V) with k < j < s. From the maximality of 
k this implies that each such interval f-'{V) C Qk is longer than the intervals f^°{V), 



f'^{V) and riV). Lemma |63 gives r-\Hi) D Qk. Write 



Hk = f-'m. 

Let Zi C Hi be as in the statement of the lemma. Let Qi D fiV) be the subset of Hi 
for which f^~^{Qi) = Qk and let 

Q,, = p-\Qi) , = p-\Zi) and H,^ = p~\Hi) for j = 0, 1. 

Since /*°(V^) and f^^iV) are longer than f^iV) we at least have 

C-\Zi, f{V)) > C-\Qi, fiV)) > C-\Qk, f\V)) > 1/3. 

We shall now improve this estimate, by pulling back the interval Q = Qk either to Qi^ 
or to Qij. In this way we shall either find another interval f-'{V) inside the interval 
Qk or find a lower bound for the space between the intervals f-'{V) in Qk- For this 
we shall distinguish between several cases depending on whether or not Qk = Hk and 
depending on the position of Qi^ and of Qii relative to Qk- Often we shall even show 
that 

C-\Qkj\V))> 0.6- 

Since Zi D Qi this suffices: 

C-\ZiJ{V))>C-\QiJ{V)). 

Case I. Assume that Qi = Hi. By maximality of Hi this implies that there exist iq 
and ii such that f^~'^°{Hi) and f^~^^{Hi) contain c in their boundary, see the figure 
below. 

^ A ^ f'-\Qi) = Qk 

f'"'-\Qi) 
f'-^--\Qi) 



^0 ^fe-io-l 



k — il rk^n-l 



Case I. 
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If lies closer to c then f''-'-o+'-i(y^ lies between k and i^. Similarly, if 

yfc-ii^^-j ijgg closer to c then y'=-»i+«o(^^) ijgs between k and Iq. Therefore, since there 
is no P{V) C Qk with j < k and j io,ii: this imphes that the first possibility occurs 
if ii > io and the second one if ii < iq. In order to be definite, we shall assume (in this 
case) that io < ii- This implies that the situation inside Qk is as drawn below. 

io k k + ii — io ii 



Qk 



Case I: The next interval in Qk 



Since each of these intervals P°{V), /*^(V^) and ^°(y) is at least as long as 

f'iV), it follows that 

Since 

C-\Qi„r{V))>C-\Qk,f{V)) > \ 

this implies that each of the components of Qi,, has length 1/2 times the length 

of Therefore, if Qi^ does not contain any points of /^(V^), then one of these 

components of Qio \ /*"(^) is contained in the gap between P^iy) and f''{V). Hence 



So we are finished in this case. If there exists an interval f^{V) between and 
f''{V) then we also are finished, because this interval then has length > and 
therefore 

c-'(Q.,m)>j^ = i>o.6 . 

So we shall consider the case that Qi^ contains some points of /^(V^) and that there 
exists no interval P{V) between P°{V) and PiV). Therefore the map /*'~'°:(5io ^ 
Qk is orientation preserving. Indeed, otherwise the interval [f^°{V), f'^{V)] would be 
mapped inside itself by the map Since there is no interval f^{V) contained in 

this interval [f^°{V), f'^lV)], this implies that / is also renormalizable with half the 
period s/2. By assumption this is not the case. So f'^~'^"-Qio — ^ Qk is orientation 
preserving. If Q^^ contains (some points of) f''{V) and no points to the right of f''{V) 
then the gap between P"{V) and /^(F) is mapped onto f^+^^-'^o(y). So if we define 
Wi C Hi so that Wk = p-^Wi) = [f°{V)J''+''-'°{V)] then 

c-\w.,,r{v))>c-\Wkj\v)) > ^. 

Hence the component of Wi^, \ /^''{V) which is between f^°{V) and /^(V) has at least 
length 1/3 times the length of |/*"(V^)|. This implies that 

c-'(g.m)>j^i^4>o.6. 
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So we finally have to consider the case that Qi^ strictly contains a neighbourhood of 
f^{V). Then contains f^+^-^o(^/^^ qj^^ therefore this entire interval. Since k+k—io > 
k + ii — io > ii, Qk contains three intervals of the form p{V) to the right of f''{V) 
and therefore 

C'HQkJHv)) > — = - = 0.6. 

This completes case I. 

Case II and Case III. Assume that Qi is strictly contained in Hi. In order to 
be specific, let us assume that f^~^{Hi) contains a neighbourhood of P'^(y). This 
information is useful since f^iV) cannot be mapped monotonically onto f^^iV) by an 
iterate of / when j > ii. In particular, f^~^'^ cannot map /^(V) to f^^{V). Therefore 
there are only two possibilities: II) Q^^ lies to the left of f^{V) or III) Qi^ contains 
some points to the right of f''{V). (Remember that we had assumed that f''"{V) lies 
to the left of f'{V).) 

Case II. Qi^ lies to the left of /*^(F). 

Now we shall analyze the situation near P^{V). We shall subdivide several cases: 

Case II. a. Qi^ lies to the right of f'^{V). Let a - \r°{V) \ be the size of the gap between 
f°{V) and f'iV). Similarly, let /3 • \ f'{V)\ be the size of the gap between f^{V) and 

Iq a k P ii „ 

Qk 



Qio 

Case II: Qi^ lies to the left of f^{V). 
Since Qio lies to the left of f^{V), 

oi > C-\Q,,J'°{V)) > C-\Qk,f'iV)) > > 1/3. 

6 + a + p 

In this case II. a, we also have a similar inequality as above for (3, i.e., we have 



a,p> 



3 + a + l3 



Since the right hand side of the above inequalities is increasing in both a and in jS, it 
follows that a, P > K where 

K = ^ -, I.e., + 

3 + K + K 

Hence 



a,(3>K = J{5/4:)-l/2> 0.6 . 
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This implies that 

n-^(n fkn^w ^ (l + a)(l + ^) ^ ^ n ^ 
^ l(3 + a + 6) -^-^-^ ■ 

Case II. b. contains some points of f''{V) but no point to the left of f'^iV). As 
we remarked above, the fact that we are in Case II or Case III, implies that f'^{V) 
cannot be mapped homeomorphically onto f^^{V). It follows that cannot map 

in an orientation reversing way homeomorphically onto Qk- Hence f''~'^^: Q^^ — > 
is orientation preserving and this map sends /''{V) to /'"(V). Writing r ^ k - io, this 
gives k + {k — ii) — io + s, i.e., k — ii — s — {k — io) — s — r. So 

k — io + r and ii — k + {r — s) — io + 2r — s. (6.1) 

Let a be so that the gap ir°{V), f''{V)) has length a;|/*°(K)| and similarly, let /? be 
so that the gap between f''{V) and /*^(V^) has size Let Z[ be the right 

component of Zk \ r^{V) and define 7 so that the size of Z^. is equal to 7|/*^(V^)|- 
Similarly, let HJ^ be the right component of Hk \ P'^iV). 

^ Qk 



Qii 



Case II. b. The map f'^ Qii — ^ Qk is orientation preserving. 

Since we are in Case II, the interval HI contains at least some interval of the form 
/"^(y) (with in fact m < k). li Zl ^ HI then Zl contains an interval P^{V) with 
k < ji < s. So in any case Zl contains an interval f"'{V). If the right component 
of \ f^^{V) is not contained in Z^., then contains a neighbourhood of f^{V) 
and therefore then Qk contains an interval f-'iV) between f'^iV) and f^^iV). Since 
a > 1/3, this implies that C-^{Qkj''{V)) > (1 + 1/3)2/(4+ 1/3) = 8/13 > 0.6. 
Therefore, we may assume that the right component of Qi^ \r^{V) is contained in Z]^. 
Define Wi C Qi so that Wk = f'^Wi) = {f°{V),f'{V)]. Since we are in Case Il.b, 
we have that /'^"'i maps f^{V) to f^°{V). Hence one component of Wi-^ \ f^^{V) is 
contained in the gap {f''{V),f^^{V)) corresponding to /3 and the other in the interval 

corresponding to 7. Therefore 

>c-\w,,,r{v)). 



1 + /3 + 7 
Since 



c-\w,„r{v)) > C-\Wk,f{V)) > 

2 + a + p 
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this gives, 



Hence 



or 



I.e., 



1 + /? + 7 ~ 2 + a + /5 



/3(2 + a + /3) > a{l + p) + 



7 



7 



Now we study the situation on the other side, around Define Zk = Z^] 

and let Zi be so that f^~^{Zi) = Z^. Then Zj^ is to the left of f^iV). Indeed, 
^ jfc-io j^g^pg jfc(y) /fc+Cfe-io)^!^) = Because of we have k + r > s, 

that /''[/'^(I^) is not monotone and f'^^^[V) = f''^{V). Since /*" maps Zi^ monotonically 
to Zk (which strictly contains we finally get that Zi^ lies to the left of f^iV). 

Hence, 

a > C-\Z,„ r{V)) > C~\Zk, f\V)) > 

d + a + p + 7 

which gives that 



a^ + 2a>l + /3 + 7 i.e., a>J2 + P + j-l. 



If 7 > 0.56 then a > — 1 = 0.6 and so we have 

C-.(Z..m)>(l±i^>i^^0.6 

3 + a + 7 4.16 

If 7 < 0.56 then we have that 

a ^ V/2T7-I > 72:56-1 ^ ^ 
7 ~ 7 ~ 0.56 

Therefore 



(3 > Vl + « + l-l. 



Since we also have a > y/2 + f3 — 1, and since the function (0, 00) 3 x t-^ y/2 + x — 1 



has a unique attracting fixed point ^5/4 — 1/2 > 0.61 it follows that a,/? > 0.61. 
Again this is sufficient and this completes case II. b. 

Case II. c. contains f'^{V) and also some point between P°{V) and f^{V). As 
before, f^~^^'-Qi^ — > Qk is orientation preserving in this case, because otherwise /''~*^ 
maps [/^(^), /*^(V^)] monotonically into itself and since / has no periodic attractor, 
this is impossible. Hence the interval lies between /*°(\^) and f^iV). 
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io k + {k — ii) k ii 
7 Qk 



Q 



Case II. c. 

Note that Zk contains another interval f^{V) to the right of {V) because we have 
assumed in Cases II and III that contains a neighbourhood of /'^(T^). Therefore we 

may assume that Qi^ is contained in Zk, because otherwise Qk contains another (i.e., a 
fifth) interval P'{V) inside Qk and so C-\Qk,f{V)) is at least 0.6. Now let 7 be so 
that the length of the component Zk \ Qk to the right of f^^{V) is equal to 7|/*^(^)|- 
Since we have assumed that Qi^ is contained in Zk, 

7 > C-\Q,„r(V)) > C-\Qk,f\V)) > ^ = 0.5 . 



Hence 



C-(Z.. /'(V)) > ^(1±2L > 2(i±M = 2/3 > 0.6 

\ \ - 2 + 1 + 1 + ^ - 4 + 0.5 ' 



This completes the proof of Case 11. 

Case III. contains a neighbourhood of f^iV) and, moreover, Hk contains a neigh- 
bourhood of P^iy ). The first assumption implies as before that f^^'^'-QiQ — > Qk is 
orientation preserving. The last assumption implies that Qi^ cannot have its right 
endpoint in some interval f^iV) with j > ii since then f^~^o cannot map f^{V) mono- 
tonically onto P^{V). Hence is contained between f''{V) and If 

Qig contains points from then Qi^^ contains this interval in its interior and 

therefore Qk contains three intervals f^{V) to the right of /^(V^) and so we get the 
required estimate. Therefore we can (and will) assume in the remainder of the proof 
of Case HI that Qi^ is to the left of fk+{k-io) ^y) . 

io k k + {k — io) ii 

^ Qk 



Qr. 



Case III. 



Let a > be so that the gap {P'^iV), p{V)) has size a\p''{V)\. Define /? so that 
{f^{V), /'=+(^^*o)(\/)) has size l3\f'^{V)\. The gap corresponding to a is mapped to the 
gap corresponding to (3 by Defining Wk = [P°{V), f'''^^''~''°\V)) and Wi C Hi 
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so that / (Wi) = Wk, we have that 



2 + a + p 



This means that 



tt> a/I + zS-I- 



Now let cr be so that |/'^+('^~*o)(\/)| = cr|/^(\^)|; one has a > 1. Since one component 
of Qio \ f''(y) is contained in the gap corresponding to /3, and using the definition of 
a, we have that 



2 + a + (3)l 



a(3 + a + a + /?)■ 
This means that 

+ p{3 + a + a-l/a)>2/a + a/a. (6.2) 

Our aim is to prove that 

c-'w..m)> '\+°":tr^' >o.6 . 

3 + a + p + cr 

If o" > 2 or if a > 1/3 then this holds. So assume that 1 < a < 2 and that a < 1/3. 
If a G [3/2, 2] then 3 + a + a - l/a < 5 and so (g^) implies that /S^ + 5/3 > 1, i.e., 
p > 0.19. Hence a > 7119 - 1 > 0.09 and hence 

(1 + + a + 1) ^ 1.09 x 2.69 ^ ^ ^ 



3 + a + p + a - 4.78 

If a e [5/4, 3/2] then 3 + cr + a - l/a < 4.2 and therefore f3^ + 4.2/3 > 4/3 and so 
/3 > 0.29. Therefore, a > ^129 - 1 > 0.13 and 

{1 + a){l3 + a + 1) ^ 1.13 X 2.54 

> > 0.6 

3 + a + f3 + a " 4.67 



If a G [1, 5/4] then + 3.8/3 > 8/5 and so /? > 0.38. Therefore, a > VTSS - 1 > 0.17 
and 

(l + a)(/3 + cT + l) ^ 1.17 X 2.38 

> r^z > 0.6 . 



3 + a + p + a ~ 4.55 

Thus we get the required estimate in each case. This completes the proof of this 
lemma. □ 



The above lemma allows us to show that the interval L = from Lemma [6l^ is 
not too short compared to fiV): 
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Lemma 6.4 Assume that Rw has a high return. As in Lemma \6. ^ , let I he one of 

the two maximal intervals for which f^\l is monotone and which has a unique common 
point with U. (If we take the interval which is outside [01,02] then it is equal to the 



interval I from Lemma |5. ij j Write L = /'*(/). Assume that U = V has period s and 



assume that f is not renormalizable of period s/2. Then 

|L| > 0.6 -1/(^)1. 

Proof: From the previous lemma, L = f^{l) contains at least two intervals of the form 
f^(y), ■ ■ ■ , f^ {V). We shall consider the disjoint intervals fiV), ■ ■ ■ , (V). Of course, 
f{V) and f'^{V) have just one neighbour in this collection, and all other have two. 

First consider the case that f{V) is shorter than its neighbour. Because f^{l) 
contains at least this neighbour, one gets |/^(/)| > |/(^)| which gives the required 
estimate. So we may assume that f{V) is longer than its neighbour. 

Similarly, let us consider the case that f'^{V) is shorter than its nearest neighbour 
f-^{V). Then let G be the interval containing f{V) which is mapped diffeomorphically 
onto [f'^{V), f^{V)]. Because z 1— >■ \Df{z)\ is monotone on G and takes its maximum 
on f{V) it follows that G \ f{V) is longer than f{V). Now since /''(/) contains a 
neighbour, it certainly contains G \ f{V). In particular, as in the previous case we get 
I/'' (01 — 1/(^)1 the proof is complete in this situation. 

So we may assume that f{V) and f'^{V) are both smaller than their neighbours. 
This implies that, as in the previous lemma, there exists a maximal integer k > 2 
with k < s' and such that f^iV) is shorter than its two neighbours from the collection 
f{y),...J^-^{y). As before, Qk = [f'°iV)J''{V)] D f'iV) contains only intervals 
of the form f^{V) with k < j < s which are all longer than the intervals f^°{V), f^^{V) 
and f'^l'V). For simplicity assume again that f^°{V) lies to the left of Let 
Hi D f{V) be the maximal monotone interval and, as in the previous lemma, let Zi 
be the maximal interval in Hi such that Zk = /^"^(Zi) contains at most one interval 
of the form f^iV) with k < j < s on each side of f''iV). Then f^~^{Zi) D by 
Lemma |6.1| . Write 

H, = f'-\Hi). 

Let and be the components of Zi \ f{V) and for simplicity take Zi^^ be the 
component which lies on the same side of f{V) as L (so it lies in [ci, C2]). Label io and 
ii so that f^~^{Zi^^) contains f^^{V). If L D then we have that 

\m-wy\- ^ c-\z..f(v)) > 0.6. 

where in the last inequality we used the previous lemma. 

Therefore we may assume that L is a proper subset of C Hi. Hence f^~^\L 
is monotone and therefore, because of Lemma f'^~^{L) contains at least two 
neighbours f-'iV) with k < j < s of f^{V) (on the same side as f^^{V)). These 
intervals f^iV) are to the left of f'^iV) because otherwise f^~^{L) C H^ would 
contain an interval f^iV) to the right of f^'^iV) and so f^~^{L) D Zk^+- Hence 
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L D a contradiction. If /'^ ^(L) contains three or more intervals f-'iV) then 

C-^iWkJ^iV)) > 4/5 > 0.6 and we are done. Here Wi = U f{V) U L and 
Wj = f^~^(W). So we may assume that f^~^{L) contains precisely two neighbours 
f^^iy) and f^^iy) and assume for simplicity that f^^iy) is to the left of f^^iy). Of 
course, this implies that we may also assume that L contains precisely two intervals of 
the form f^y). Hence, it suffices to show that 

C-\Wkj\V))>Q.Q. 

We have that /*"(\^) C lies to the left of f^y). There are two cases. 

Case 1. lies to the left of f^y). In this case choose a > so that the gap 
between and f'y) has size a\r^y)\. Then 

a > c-\w,,j^\v)) > c~\w,,fy)) > 

4 + a 

and this implies that a > 1/2 and that C-\Wk, fy)) > 3/5 = 0.6. 
Case 2. Wig contains some points of /^(V). Then, as before, f^~'^°: Wi^^ Wk is order 
preserving. If the image of the gap between /*°(V^) and f'^y) under J'^"*" contains one 
of the intervals p{y) in f-\L) C Wk then define Wk = [f^y], py)], Wi C Hi so 
that f-^{Wi) = Wk and we get that 

a > c-\w,„ ry)) > C-\Wk, f\V)) > 

i.e., a > 1/3 and C~^(H4, > 0.6. Since, by assumption, f^~^{L) contains no 
more than two intervals f-'y) and since f^~^°~^{L) also contains two interval of the 
form f"^y), the only remaining possibility is that maps f'^y) to f-^^y) and 

f^^y) to f^^y). (Here we use that Wi^ cannot contain Wk because otherwise / would 
have a periodic attractor.) Hence 

jl = k + {k - io) and j2 = k + 2{k - io). 

But now we use a more precise statement from Lemma |6.2| : the intervals /-'(V^) in L 
are of the form /*"^^(V^) and /*~*(V^). Hence 

jl = {i + 2) + {k-l) and js = (s - i) + (k - 1) 

for some i. Writing r = k — zq, combining all this gives 

r = ji — k = i + l and 2r = j2 — k = s — i — 1. 

Hence 3r = s and L contains the intervals f^~^^y) and f'^^'^^y). But then the map 
yfc-i _ j-r+io-i cannot be monotone on f'^^'^^y) (because 3r = s and /^|/(V^) is 
not monotone). Therefore we get a contradiction with the assumption that f^~^\L is 
monotone. □ 



Finally, we shall also give in this section an estimate for the case that a map is 
renormalizable of period s and also of period s/2 (this case was not covered by the 
previous lemma). 
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Lemma 6.5 Assume that Rw has a high return. As in Lemma \6. ^ , let I he one of 
the two maximal intervals for which f^\l is monotone and which has a unique common 
point with U . Write L = f^{l). Assume that U = V has period s and assume that f is 
renormalizable of period s/2. Then 

\L\>{l/2).\f{V)\. 

Proof: Let R be the renormalizable interval of period r := s/2 containing both U and 
/"/2(f/). Letfc = 0,l,...,r-lbesothat < for each z = 0, 1, r - 1. 

There are two cases: \f''{U)\ < \f''^''{U)\ or | (?7)| < \f''{U)\. In the former case, 
let m = k and define f"^^^'(^lJ'^ = jm+r^jj^ ^^^^ ^^^q latter case we take m = k + r 
and define f"^^^(^U^ = /™~''(f/). If m = 1,2 then one has, just like in the proof of 
Lemma |6.4| , that 

ir+i(f/)i > i/(f/)|. (6.3) 

(Note that f^~^^{U) is the nearest neighbour of f{U) from the collection of disjoint 
intervals U, f{U), . . . , f^~^{U) because by assumption / is also renormalizable of period 
r = s/2.) So assume that m > 2. Then define Qm to be the smallest interval containing 
jm±r^jj^ on one side of f"^{U) and containing also the nearest neighbour from the 
collection R, . . . , f^~^{R) on the other side of f"^{U). Let Hi be the maximal interval 
containing U so that f^^^\Hi is monotone. We claim that f"^~^{Hi) D f"^{U) contains 
Qm- Indeed, let H^'^ be the components of Hi\U. By maximality, there exist ii,i2 < s 
with ii 7^ 12 so that f^^{Hl), f^^{Hf) contains c in its boundary. If ij 7^ r — 1 then 
f^^{U) n = and therefore f^^{Hl) contains one component of R \ {c}. Therefore 
f"^^^{Hl) contains a neighbour of f^{R) from the collection R, . . . , f^'~^{R). If ij = 
r — 1 then f^^{Hl) merely contains one component of U \ {c} and then f^~^{Hl) 
contains f"^~^{U). Since either ii or ^2 is different from r — 1 the claim follows. By the 
choice of m we therefore get 

c-^(Q,n,r(f/))> Y^Y^. 

Hence the interval Qi D U for which /™~^(Qi) = Qm satisfies 

C-\QiJ{U))> 1/2. 

In particular, 

both components of Qi \ f{U) have length > (l/2)|/(f/)|. (6.4) 

From the first part of Lemma |6.2| it follows that L = /*(/) contains at least one of 
neighbours of f{U) from the collection U, f{U), . . . , /*^^(f/). The nearest neighbour 
of f{U) is f'+\U). So if m = 1,2 then from (^) it follows that \L\ > |/(t/)|. If 
m > 2 then we have that either f"^~^{L) contains either at least two intervals from the 
collection U, f{U), . . . , f^'^lU) or it contains f^~^'^{U). Hence from the definition of 
Qm and since f"^~^\Qi is monotone we get that L contains one component of Qi\f{U). 
In particular, from \L\ > (l/2)|/(f/)|. □ 
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7 Lower bounds for 'space' when Ry has a high 
return 

Let V D f{V) be the interval which is mapped monotonically onto W by f^'~^. Let s" 
be the smallest integer such that ~^{y) 3 c. In this section we assume that Ry has 
a high return. Hence f^~^{U) 3 c and so s" < s. 

Proposition 7.1 Assume that Ry has a high return. Let Tq be the smallest interval 
containing f{V) and another disjoint interval from the collection f'^{V), . . . , {V). 
Wnte Lo = To\f{V). Then 

\Lo\>l\m\. 

Moreover, if we define I to be one of the two maximal intervals outside U for which /*|/ 
is monotone and which has a unique common point with U, then contains Lq. 

For the proof of this proposition we need two lemmas. 

Lemma 7.1 Assume that Ry has a high return. Let 2 < k < s" and let Hi be the 

maximal interval containing f{V) such that f^\Hi is monotone. Then f^{Hi) contains 
f^{f{y)) and on each side of this interval also an interval of the form with i < k. 

Proof: Let Hi _, be the components of Hi \ fiV). From the maximality of Hi it 
follows that there exists i' < k such that /* contains c. Since i' < k < s" — 1 < 

s — 1, the interval /* '^^{U) (which is contained in /* ^'^(V) C /* {H)) is outside V . Since 
f''+^{U) and f''+^{V) have f''+^ (c) as one common endpoint and the other endpoint 
of /* ^^iy) is certainly outside V (because the endpoints of V are nice), it follows that 
/* ^'^{y) is outside V . Hence /* (i^i,+) contains one component of \ {c}. It follows 
that f\Hi^+) contains f'-''^). ' □ 



Let U D f{U) the interval which is mapped monotonically onto V hj f^ ^. In the 
next lemma we prove the second part of the statement of Proposition |7.1| . 

Lemma 7.2 Let I be one of the two maximal intervals outside U for which f^ll is 
monotone and which has a unique common point with U. Then L := /*(/) contains at 
least one interval of the form f^{V), 1 < i < s" which is disjoint from f^{U) = V. 

Proof: By maximality of I there is i with < i < s such that /*(/) contains c in its 
boundary. Choose i maximal with this property. Since f^{U) is outside V it follows 
that /*(/) contains one component of V \ {c}. Hence f^{l) contains f^~^{V) (and 
also a point in f^^^{U) = V). Since f""'\f{V)) contains c in its interior, and since 
by definition /*|/ is monotone, it follows that s — i < s". Hence ^^^^{H) contains one 
of the intervals /(V), . . . , f'"-^{y). □ 
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Proof of Proposition |y. i| Let Lq be defined as in the proposition and consider the 
intervals f{V), ...,/'' (V). Since s" might be larger than s', we cannot be sure that 
these intervals are disjoint. Evenso, there exists k such that 



\f\V)\<\f\V)\hi each I = 1,2,..., s 

li k = 1 then in particular the length f{V) is at most equal to the length of its nearest 
disjoint neighbour from the collection /(V"), . . . , f^ {V). Since Lq contains an interval 
f'iV),l<i< s" which is disjoint from f{V) it follows that |Lo| > If A; = 2 then 

a similar argument applies: again the length f'^{V) is at most equal to the length of its 
nearest disjoint neighbour from the collection f{V), ...,/* {V). Since Lq contains an 
interval f^{V), 1 < i < s" which is disjoint from f{V), and since z t— > \Df{z) \ increases 
monotonically as z moves away from c = 0, it follows again that \Lq\ > \f{V)\. So 
we may assume that k > 2. Because of Lemma |7.1| we can find an interval Zi around 
V such that f^~^\Qi is monotone and so that Zk = f^~^{Z\) contains on each side of 
f^iy) an interval of the form /*(V^) with i <k (and which is disjoint with f^{y)). Let 
Zi -t be two components oi Zi\U marked so that intersects Lq. If Zi^^ C Lq, 
then 

because Z^. contains on each side of f^iV) an interval f^iV) with i < s" which is at 
least as long as f^iV) and because of the choice of k. 

It remains to consider the case when Lq C i.e., when f^~^ is monotone on 

Lq. As we have seen above, Lq contains some f-'iV) with j < s" . Hence, the interval 
f3+k-i^y^ lies in Zk and k<i + k- l< s" . By choice of k, the interval f^+^~''{V) 
is longer than f^{y). Hence |/'^~^(Lo)| > |/'^(^)|- Moreover, again by Lemma 
f^~^{Zi_) also contains an interval of the /*(V^) with i < s" and again by the choice of 

this implies that l/'^-H^i,-) I > \ f^{V)\. heiWi = Qi,^UUULQim<lWk = f^~\Wi). 
Then both components of Wk \ f^{V) are at least as long as /^(V) and therefore 

> c-\w„ f{v)) > c-'if^-'iw,), f\V)) > ^ 



This completes the proof of this proposition. □ 



8 The proof of the Main Theorem in the infinitely 
renormahzable case for £ > 2 

In this section we consider an infinitely renormahzable f[z) = z^ + ci map with £ > 
4. Such a map has renormalizations of period q{n) where q{n + 1) = q{n) ■ a{n) 
where a{n) > 2 is an integer. If a{n) = 2 for all n larger than some Hq than some 
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renormalization has Feigenbaum dynamics, and then local connectedness immediately 
follows from Hu and Jiang's result [[H J|| . In fact, we shall prove the Main Theorem 



and Theorem A for this case separately in Section O because the bounds obtained in 



Lemma |6.4| do not hold at the n-th renormalization if a{n) = 2 (in that case the weaker 
bounds obtained in Lemma ^]5| will be used in Section |1^.) So assume in this section 
that a{n) > 2 for infinitely many n. Then we can find a sequence of n's tending to 
infinity and a sequence of periodic intervals Un = Vn of period s(n) such that / is not 



also renormalizable of period s{n)/2. Because / has no wandering intervals [[MS |, it 
follows that \Un\ —>■ 0. 

Let us pick such an n and write Un = Vn = [— and let s{n) be the period 
(note that for the map we consider t{z) = —z). For convenience, let us for the moment 
suppress the subscript n and write s for s{n). Let tJ D f{U) be the interval from before 
and consider the diffeomorphism Z''"^: If ^ V. Let F be the inverse of this map. Since 
F is a diffeomorphism, it induces a univalent map 



Hence F{D^{V)) C D^{U). Now we use that the space from Lemma ^TT| is at least 0.6, 
because of the estimates of Lemma |6.4| . (In fact, in Section 0, another proof of the 
Main Theorem is given in the infinitely renormalizable case - this proof is based on the 
space 1/3 but using domains which are not Euclidean discs.) Hence, see the estimates 



below Lemma one gets that / ^ (/}*([/)) C D^..{V), i.e. 

r'oF{D,{V))cD,{V). 



From this we get that 



f:D:{V)^D4V), 



where D'^{V) = f^^oF{D^..{V)), is a proper degree i map. This is still not a polynomial- 
like mapping since dD'^{V) fl dD^{V) = dV, so these regions intersect in the repelling 
periodic point u (with f^i^u) = u) and its symmetric counterpart —u. Of course, this 
problem can be easily amended by adding to D^^iV) some discs containing u because 
this point is a repelling. In this way we will get a polynomial-like mapping f^'-^'n ^n- 
In fact, we even want a lower bound for the modulus of the annulus fi„ \ Q'^. That 
such a lower bound exists, is not surprising since \Df^{u) \ — 1 is bounded from below, 
see Theorem B in Chapter IV of ||MS| ] or Theorem B in ||MMS|| . In the Lemma below 



we shall give use related estimates to give lower bounds for the modulus of the annulus 

nn \ K. 
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Lemma 8.1 There are universal constants Co, Ci, C2 > with the following property. 
Let Ti D f{U) he the maximal interval on which f^~~^ is monotone. Then, 

each component o//*^^(Ti) \ V has length > — c\. (8-1) 

Let T be the component of f^^(T) \ {c} which contains u. Then there exists u E T 
such that 

^\u-c\<\f^{u)-u\<^\u-c\ (8.2) 

such that 

|r(M) -c| > (I + C2/O ■ |w-c|. (8.3) 
When i > 4:, there exists also eT such that 

f'~\u^) = -f%u) and \u, - ci| < \f{u) - Ci|. (8.4) 

Proof: Let Li be a maximal interval on which is monotone with a unique common 
point with f{U). By Lemma |6.4|, one has 



ir(^i) \ fiV)\ > 0.6 ■ \f{V)\ = 0.6 ■ |ci - f{u)\. (8.5) 

Since, f{z) = {z — cY + Ci (where we usually take c = 0), the first inequality ( |8.1| ) 
follows because there exists Cq such that 

0.6^/^ > 1 - (8-6) 

So we can take u', u" G T with 

ir K) -u\ = ^^\c-u\ and \f\u") -u\ = ^\c-u\ (8.7) 
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provided Ci < Cq. We shall now show in the remainder of the proof that there exists 
u G [u', u"] for which ( ^.31) holds. Let us now show that this would complete the proof, 
i.e. that (|8.4|) automatically would also hold. Indeed, because of (Ol) one can take 



M* G Ti so that ^(m*) = — By Lemma ^]T] there exists a universal constant 
< 1 such that provided £ > 4, 

\uf -ci\ < K,\f{u) -ci\. (8.8) 

Let us show that, provided we choose Ci sufficiently small, in ( ^.7| ), the inequality 
in ( ^.4|) holds. For this define j' = [m*,'U'^] and t' the interval between f{u) and 
the endpoint of Ti outside [ci,C2]. Let l',r' be the components of t' \ j' (with /' the 
component outside [ci,C2]. One has 

- > c-\t',f) > c-\r-\t'),r-\j')) > !r!!^?'',C!l:?! . (8.9) 



\u.-uf\ \f\ - ' ' I/^HjOI \f'-\t')\- 

The first ratio in the last term will tend to infinity if we choose Ci small (because 
has size > 0.6^/^-|V^| and \f'-^U')\ has size {Ci/l)-\V\). The second factor 
in the last term of (|8.9| ) is of order one. Hence, ( pl9|) implies that \u^ — u^\/\ci —u^ goes 
to zero provided Ci goes to zero. Combined with (|8.8|) one has that ci| < |/(m)— ci| 
for some universal choice of Ci. 

Thus it remains to prove (^.3[). Let / = [c, u], j = [u, u'], f = [u', u"] and t = lUjUf. 
Let us compare the size of j U f with that of /. Define t = \j U r\/\l\. If r < Ci/(2 ■ i), 
then \riu") - c\/\u" - c| = (1 + C,/i)/{l + r) > (1 + Ci/£)/(l + Ci/(2£)) > 1 + Ca/f, 
and (|8.3|) follows with u = u" . So we may assume that 



\j U ^1 
\l\ 



\u — 


u"\ 


\u - 


- c 



> Ci/(2£). (8.10) 



Let us show that it suffices to show that there exists a universal constant C3 and 
some £t G r = u"] for which 

\f[u)-r{u)\/\u-u\>{i + c,/e). (8.11) 

Indeed, then 

\c-rm ^ i+r(i + c3/n 



|c — mI 1 + t 



Because of ( ^.10|) , t > Ci/ {2i) and therefore the last expression is bounded from below 
by 1 + Cj/^?. Therefore (|8.4|) follows and the proof of the lemma is complete once we 
have shown that (|8.11|) holds. 

In fact, we may also assume that there exists C3 G (0, 1) with 

< 1 + eye. (8.12) 
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To see this, assume that ( |8.12|) fails. Then, by the Mean Value Theorem, 

|^/'(0I > 1 + Cs/^^ for some ^ef= [u',u"]. 
Hence we have the following cross-ratio inequality 

mu)-no\/\u-^\? 



\Df^{u)\\DnO\ 



> 1 



(this is just the cross-ratio inequality Ci^f^t, j) > C(t,j) where we let t shrink to 
j = [u,C,]). Hence, since m is a repelling periodic point, 

which shows that (|8.11|) holds with u = C, and where we take C3 = C3/4. Hence we are 
also finished if ( |8.12| ) does not hold. Of course, for the same reason we may assume 
< 2 and with we get 

> CJi (8.13) 
where C4 = Ci/4 > is again a universal constant. Moreover, we have 

I > c-%f, > c-Hf'itu'U)) > ^.^clmm ^ 

Now, given intervals j G t for which t\j has components l,r, define the cross-ratio 
operator 

\l U j\\r U j\ 

As with the cross-ratio operator C we defined before, one has B{ft,fj) > B{t,j) if 
f\t is monotone and has negative Schwarzian derivative. Because of ( |8.13D and ( |8.14| ), 
and using the expression f{z) = {z — iY + ci, one can easily check that 

B(t,j) - 

where C5 > is a universal constant. This implies that 

Emitm > 1 + c,ie. (8.15) 

B(t,]) - »' ' 

Therefore, suppose by contradiction that (|8.11| ) is false for C3 < min(C5/10, 1). 
Since is a repelling fixed point at u and j has u in its boundary, we have that 
|/''(j U f)|/|j U f| > 1. Because ( ^.11| ) is false, this implies 

<l + C^/e. (8.16) 



|/^(iUf)|/|jUf| 
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Now we also have 

i<mjis^ (8.17) 

- |t| |iu/| 

and 

m<.nJ\ni^ . \fm. (8.18) 

Here ( |8.17] ) follows from the fact that f^\t has no attracting fixed point (and u is 
its fixed point), and ( p.l8|) is a general fact about mean slopes of a monotone map. 
Because we assumed that ( ^.121 ) holds we get from (|8.171) and (^.181) that 



\ni)\/\i\ 



\njui)\/\jui 

Combining ( ^.16| ) and ( |8.19| ) and using C3 = 4C3 gives 



<il + Cyf). (8.19) 



On the other hand, by ( |8.15|) we get that the left hand side of this expression is bounded 
from below by l + C^/i"^. From this we get a contradiction since C3 < min(C5/10, 1). □ 

Consider domain 

Q„, = Dii-fiu), fiu)) = D{{r-\u,), fiu)). 
The inverse F of /*~^ extends in a univalent way to C[_js(ji)./s(M)] and therefore 

FiDi-riu),riu)))cD4u,,fiu)) 
where we use that /^"^(m*) = —f^{u). Because of ( p.3|) and (|8^ ) we get that 



r\D,{u,,f{u))) c D,(-r(w),r(w)) = fi„ 

and that, moreover, the difference set is an annulus with a modulus which is bounded 
away from zero by a constant which only depends on ^. In particular, writing Vt'^ = 
f^^ o F(^ln), the map /'^("): fi^ — >• f2.„ is a polynomial-like mapping. Moreover, since / 
has no wandering intervals and s{n) —>■ 00 we have that |fi„n]R| —>■ 0. By construction 
the diameter of Qn is at most twice that of = [— m„, Un]- Hence, Theorem A in the 
introduction follows immediately from all this. 

The conclusion of the proof of the Main Theorem for the infinitely renormalizable case 
when i > A. For simplicity, let T„ be the image under f^i"^)-^ of the maximal interval 
of monotonicity around Ci. By (|8.1|) , there exists a constant C = C{£) > such that 
C{Tn, f2„ nM) < C. To end the proof, we follow an argument similar to [ pil| . Given n. 



34 



Genadi Levin and Sebastian van Strien 



consider so-called the maximal renormalization, (7„: — ^ Wn, where Wn is a slitted 
complex plane Ct„ without a fixed neighborhood of infinity, so that f2„ C Wn and 
fn = 9n = on Q!^. By Proposition p^ , the Julia set J„ of Qn is contained in On 
the other hand, J„ is equal to the intersection of critical Yoccoz pieces started from a 
piece based on the points m, m, so there is a piece P„ in n„ containing c. Since P„ fl J(/) 
is connected, we have proved the local connectivity of J{f) at the critical point c. 

Let z G be any other point. If the forward orbit of z avoids some neighborhood 
of c, then / is expanding along this orbit, and the local connectivity at z follows. 

So assume that the orbit of z hits any neighborhood Pn of c. Then we use the 
fact that the renormalizations are 'unbranched' ( ||McM ]). More precisely, there 
exists a domain M„, such that C Wn, the annulus An = M„ \ Pn has a modulus 
> m = m{l) > 0, and An does not contain any iteration of c. To see this, denote by t„ 
and T^, where t„ C C T„, the intervals, such that Qnitn) = f2„, flM and QniT'^ = T„. 
Since C(T„,r]„ n M) < C, we have C{T^,tn) < C, where C > depends only on i. 
Furthermore, the interval is disjoint from the all iterations of c which are outside 
of the renormalization interval V (we use that / is not s/2-renormalizable). On the 
other hand, by the construction, the domain fl' is inside of a domain of a definite shape 
based on the interval t„ (if £ > 4, this is just a disc). This implies the existence of 
Mn as above. Let some iterate f^{z), k = kn, of the orbit of z hit P„ the first time. 
We can pull back the domain P„ along z, f{z), . . . , f''~^{z) by a branch Gn of f~^, 
since P„ contains only iterations of c corresponding to the renormalization. Indeed, 
otherwise some P' = /~*(P„) covers c for the first time. Hence, /*: P' Pn is an 
iteration of the renormalization /„, i.e., P' C Pn contradicting the choice of the iterate 
f^{z). By the unbranching property, the pullback Gn extends to the domain M„. Let 
Pn{z) = Gn{Pn)- We waut to show, of course, that the Euclidean diameters of Pn{z) 
tend to zero. For this, let us consider a domain C M„ bounded by a core curve of 
the annul us An Then maXj^e^M; If'iz) -y\/ minj^g^M; If'iz) -y\ < G{m),n = 1, 2, . . . 
(see e.g. [ [McM]| ). Introduce domains En = Gn{M'^). Since the modulus of annulus 
Mn \ is m/2, by Koebe distortion theorem, maXy^QE„ \z — y\/ miriy^QE^ \z — y\ < 
Gi{m), n = 1,2, .... If we assume that diamP„ > d > for n = 1,2,..., then 
miuygasn \z-y\ > d/2Gi = r > 0, i.e., the disc -D^(r) C En- Hence, f^^^^D^ir)) C M'^, 
for n — > cx) and /c„ — oo. This is a contradiction with the non- normality of the family 
/" at 2 G J(/). Thus, {^n>oPn{z) = {z} and so J(/) is again locally connected at z. 



9 The proof of the Main Theorem in the infinitely 
renormahzable case when i = 2 

In this section we consider a renormahzable f{z) = z"^ + Ci with a periodic interval 
V of the period s. As before, we may assume that Ry has a high return because 
otherwise / has a periodic attractor. Again we shall delay dealing with the case that 
/ is also renormahzable of period s/2 until Section |13|. Hence, because of Lemma |6.4| , 
the space from Lemma [5.1| is at least 0.6. Note however, that the bound we obtain 
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for i^'2(0.6) is equal to 1.19371... > 1 and we cannot use the method of the previous 
section in the quadratic case. Therefore, we construct a domain of renormahzation Q 
for which is different from D^:{V), but with a diameter depending on |V| only, so 
that the renormalizations shrink to zero together with V. 

As before, denote D{J]6) the Poincare neighbourhood of a real interval J, with 
external angle 6 G (0,7r/2]. We define the domain Q = Q{6) as the Poincare neigh- 
borhood D{V] 9) of the periodic interval V (with the angle 9 to be specified later on), 
united with two discs: D^.{I) and D^{—I) with / = (0,6/5 ■ u), and u is the periodic 
endpoint of V, (i.e., /'^(m) = u). We may and shall assume that m > 0. Since Ry has 
a high return, one has that Cs G [—u, 0] . 



a w Cs+i Cl 



/ 



-I 



I = (0,6/5-n) 



a' —u Cg c = 



u 6/5 ■ u 



f 



s-l 



b Cl c-{s-i) 



The intervals /, — /. 



Remark 9.1 Consider the map f^^^: U ^ V. As in Lemma let I be the maximal 
interval with a unique common endpoint with U and outside [ci,C2] such that f^^^ll 
is monotone. From Lemma \6.4\ we have that |/'^^"'^(0I ^ Vl + 0.6 ■ where 
is one component of V \ {c}. The number 6/5 is chosen for the following reason: 



6/5 > K^{0.6) = 1.19371.., but 6/5 < Vl + 0.6. Because of Lemma ^ the latter 
inequality shows that the pullback F of f^^^: U V has a monotone extension to 
I = lUV U (— /) . Let F also denote the extension of this pullback to Cj = (C \ M) U /. 
The first inequality we shall need in the proof of Corollary \9.1\ below. 

Our aim is to prove that f~^ o F{Q) is a proper domain inside of fl. For this, it is 
enough to prove 

Proposition 9.1 o F{dn) C fi. 
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Figure 1 



The region Q and its preimage. 
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Proof: First of all, we observe that o F{D^{I)) consists of two components 
and —D^, where is a proper domain in D^{I). Note that there exists an interval 
containing ci which is mapped diffeomorphically by f^~^ onto I. Therefore, f"^ o F 
maps / homeomorphically into itself, because -u is a repelling fixed point of (here 
we use that has negative Schwarzian derivative). Moreover, = /'*^^(ci) is not 
in / and therefore F(D*(/)) does not contain ci. Hence /^^ o F(D*(/)) consists of 
two components and —D^, where is a proper domain in D^{I). Thus, the 
corresponding branch of o F(Q) maps C/ univalently into itself. By symmetry, we 
get also —D^ C D^{—I). Thus we have shown that 

o F(L>,(7)) C a (9.1) 

Next we want to show that the puUback of D(V; 0) is inside VL{6) provided we choose 
d conveniently. For this we shall first consider the puUbacks through the map P{z) = z^. 
Fix K > 1. In the next lemma we are going to compare P(£)((— 1, 1); ^)) with the 
Poincare disc D{{—K, 1); ^). The latter disc is a 'scaled-up' version of D{{u^ , u^); 9) 3 

Ci. 

Lemma 9.1 Let K > 1. There exists 9q — 9q{K) > such that, for all 9 e (0, ^o); the 
boundaries of P(D((— 1, 1); 9)) and D{{—K, 1); 9) intersect each other in Z{K, 9) and 
its complex conjugate. Furthermore, 

Z(K, 9)^K^ e R, 

as9 ^0. Hence, the difference A{K,9) = D{{-K, iy,9) \ P(L>((-1, 1);^)) tends to 
the interval [1, K^], as 9 ^ 0. 

Proof: Consider a possible intersection point 

zi e P{dD{{-l, 1); 9)) n dD{{-K, 1); ^). 

That is, zi — P{z2) — -zf with 

Z2edD{{-l,l)-9)). 

Since these sets are symmetric with respect to the real axis and since D{{—1,1)\9) is 
also symmetric with respect to the imaginary axis, we may consider the case that zi is 
in the upper half plane, and that Z2 is in the first quadrant. 
Since Z2 G 9D((-1, 1); e), 

iexT){i9) , , , 

•^2 = 1+ • Vm (1 - exp(ia)) (9.2) 
sm(^(7 ) 

where a e (0, In — 9) is the angle between the vectors Z2 — C,l — C, with C the centre 
of the circle D{{-1, 1); ^). Similarly, since zi e dD{{-K, 1); ^), 

K+1 i ■ exr)(i9) , , ,„ „, 
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Taking the square of (|9] 
2 2exp{i6 



-(1 — exp(ia)) |i sin(6') — - exp{i6){l — exp(ia))| . 



We have in the brackets {...} term: 



So, 



isin(^) — -exp(z6')(l — exp(ia)) = 
-(exp(i6') — exp(— i^^) — exp(z6') + exp(i(6' + «))) 



2 ^ 2exp(z6'),^ ,. ,,exp(ia), , 

-^2 = 1+ • - exp ^a ^ exp ^g - exp + a 

sm (6') 2 



1 "I ^TTTT exp(ia){exp(z6') — exp(— i(6' + a)) — exp(z(6' + a)) + exp(— ■^6')} 

2 sin (fc*) 

^_^ exp(i(g + .)) 
sm (t') 



If z\ = zi, then we compare the last expression with ( |9.3|) , cancel 1 in both hand- 
sides and then divide them by exp(z6'), and multiply by sin(6'), and after that separate 
Re and Im parts: 

2(cos(^) - cos(^ + a)) , , K+1 . 

— T cos a = — — sm , 

sm(fc') 2 

2(cos(^) - cos(^ + a)) . , , K + 

MO) '^"^"^ = ^^'' 

Now divide the second equality to the first one: 

tan(a) = tan(0/2). 

Here < 0/2 < vr, so either a = 0/2, or a = 0/2 + vr. The latter case is impossible, 
since Z2 is in the first quarter, i.e. < a + 9 < 7i/2. 
Thus, 

a = 0/2. 

Now we substitute = 2q; in the equality, say, for the real parts: 

2(cos(^) - cos(^ + a)) , , K+1 , , 

^ ^ . .n. '-^cosia) = — ^sin 2a , 

sm(fc') 2 
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or 

K + 1 

4 sm(a/2) sin(6' + a/2) cos(a) = 2 sin(Q;) cos(a) sin(6'), 

2 

or 

K +1 

sm(^ + a/2) = cos(a/2) sin(e), 

or 

K -I 

cos(6') sin(a/2) = — ^ — cos(a/2) sin(6'), 

or, at last, 

K -I 

tan(a/2) = — ^ — tan(6'). 

If 9 here is small, we find a unique a in the admissible interval (0,7r — 9/2) for 
the angle a (this is because a = 0/2 G (0, tt — 9/2)). So there is the unique point of 
intersection of the curves 9P(-D((— 1, 1); 6*)) and dD{{—K, 1); 9) in the upper halfplane. 
If 6' — >■ 0, then ~ 2{K — 1)9 and zi ~ K^. The rest of the lemma follows easily. □ 



Corollary 9.1 If 9 is small enough, then 

f-^oF{dD{V;9))cQ{9). (9.4) 

Proof: Take K = K2{0.6) = 1.19371.... By the Schwarz contraction principle, see 
Lemma |2.1| , F{D{V]9)) is contained in D{r,9), where the interval / = [u^ ,u^) is 
around Ci, with |ci— < K\u^ —ci\. By rescaling and the previous lemma, for all 9 less 
than some positive absolute constant 9i the closure of the domain F^DiV; 9)) is inside 
f{yi{9)). Here we have used that the previous lemma implies that f^^{F{D{y\9))) \ 
D{V] 9) converges to the interval ±(u, K -u) bs 9 ^ Since K < 6/5, see Remark P?T| , 
this implies that this difference set is contained in D^{I) U D^{—I). 

□ 



Conclusion of the proof of Proposition 9.1. To complete the proof, it remains to show 



that for all angles 9 less than some other positive constant ^2 the domain F{D^{—I)) is 
contained properly inside P{Q{9)). Note that P{—I) = P{I) = (ci, a), where |ci —a\ = 
(6/5)^|ci — < (1 + 0.6) ■ |ci — M-^l, i.e. a & L. Hence, by Lemma the interval 
F{—I) is inside an interval {b,u^), where 

\b - c,\/\uf - cil = {\b - c,\/\a - cil) ■ (5/6)2 ^ ^.^y^^ . ^^^^y < 1 

where, using the notation of Lemma pTTI, yp = \a — Ci\/\T\ = (6/5)^/(1 + 0.6) G (0.6,1) 



It follows, F{D^,{—I)) is inside of the ball D^ip^u^). By rescaling, we need to show 
that P(D((— 1, 1); 9)) contains a fixed ball D^{—Ki, 1). If ^ is small, it is a not difficult 
exercise. Hence 

/-I o F{D,{-I)) C f-\D,{h, uf)) C D,{U- 9). 



40 



Genadi Levin and Sebastian van Strien 



Together with ( |9.1|) and ( |9.4|) this imphes Proposition □ 

With the constructed sequence of the domains of renormahzations {Q} we end the 
proof of the Main Theorem in the infinitely renormahzable case for degree two, simply 
repeating the proof of this theorem for the larger degrees (see the end of the previous 
section). 

Let us now prove Theorem A for i = 2. For this we make use of Lemma |8]l| (or 
rather its proof): for every small enough e > there exists a constant C, < C < 1 
(depending only on e), and a point u in the interval / \ such that the image f^{u) 
lies in the ^-neighbourhood of the point |u and 

\u-c\<C\f{u) -c\. (9.5) 

With this e small enough (but fixed) and the corresponding point f^{u), which replaces 
the previous point |m, we can construct the domain fl (see Remark |9.1D , with the same 
angle 6*0. Then the modulus of the annulus Q \ o F{D{V; 6q) U D^{—I)) is bounded 
from below by a positive absolute constant. On the other hand, by (|9.5|) , two preimages 
/^^ o F{D^{I)) are also on a proportionally definite distance from the boundary of Q, 
and we obtain Theorem A. □ 



10 The proof of the Main Theorem when cj(c) is 
not minimal and in the Fibonacci case 

In the remainder of the paper we shall deal with the non-renormalizable case (except in 
Section 13, where we shall finish the proof of Theorem A in the infinitely renormahzable 
case when period doubling occurs). Firstly, if the cj-limit set uj{c) of the critical point 
c = is not minimal then it very easy to see that the Julia set is locally connected. 
To see this, note that if uj{c) is not minimal then it contains a point x whose forward 
orbit stays away from the critical point c. Hence this forward orbit lies in a hyperbolic 
set. Therefore the Yoccoz puzzle-pieces Pn{x) containing x shrink down in diameter to 
zero. Since x G uj{c), the forward orbit of c enters these pieces and it follows that all 
the puzzle-pieces tend to zero in diameter. Since the intersection of the Julia set with 
puzzle-pieces is connected the result follows. 

Now we shall prove that the Julia set of a Fibonacci map of the form f{z) = + ci 
with ci is real is locally connected. We should emphasize that this result also follows 
from Theorem B. However, since the Fibonacci map is often thought of as the 'bad 
case', we want to show explicitly that the careful estimates obtained in ||SN|| imply that 



the proof of local connectivity in this case is in fact very easy. Let us write as before 
t{z) = —z. Let us remind that a Fibonacci map is a map defined by the following 
property: For i > and x G M, let Xi = /*(x) and choose x_j G f~\x) so that the 
interval connecting this point to c = contains no other points in the set /~'(x). Note 
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that if c is not a periodic point there are always precisely two such points c_j (which 
are symmetric with respect to each other). Let 5*0 = 1 and define Si inductively by 

Si = mm{k > Si^i; c_fc G (c_5^_i, c_5^_ J}. 

/ is called a Fibonacci map if the sequence Si coincides with the Fibonacci numbers: 
^0 = 1, = 2 and Sk+i = Sk + Sk-i, i.e., the sequence 1,2,3,5,8,.... Moreover, 
let us define inductively a sequence of points m„ as follows. Let Uq be the orientation 
reversing fixed point q of f and let us define to be the nearest point to c with 

so that Un+i is on the same side of c as 05^+1. In particular, ui = Uq = q. We shall use 



Proposition 10.1 j6'A|/ For each even integer i > 2, there exists a sequence of stan- 
dard discs Dn centred at the critical point and relatively compact topological discs 
D\ in Dn, such that: 

• A trace of Dn on the real line is ended by two symmetric preimages Un~i, r(-u„_i) 
of an orientation reversing fixed point q of f . 

• The sequence of discs D^ shrinks to zero. 

• For each n big enough, the map 

Rn:{Dl]jD'n)-.Dn 

defined by 

Rn{z) = {/^(-z) ; k > is minimal withf^{z) e Dn} 
is I -polynomial-like with l-multiple critical point zero. 

• Moreover, the critical point of Rn lies in the Julia set of Rn- 

Proof: For the proof see | SN| | (this theorem is proved there for each even £ > 2). For 
^ = 2 this result is also proved in |[LM||. □ 



Proof of the Main Theorem in the Fibonacci case. There is a critical Yoccoz piece 
Pn containing u„_i,r(ti„_i) in its boundary. Let be the extension of the R~^ 
from Dn{^Pn to Pn. Let P°, P^ be the images of P„ under this map Q ^. Then 
Q: (P°U-Pn) ~^ Pn is again /-polynomial-like map. Observe that Rn = Q on the real 
line. Hence, the critical point zero belongs to both Julia sets J/j„ and Jq. As we have 
proved in Proposition |3.2| , we have Fr„ = Fq and that there exists a component of some 
preimage of Q~^{Pn) which contains c and which is contained in D„. By construction, 
J(/) n Pn is connected. Hence J(/) fl Q~\Pn) is connected and for some i and some 
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component C„ 3 c of Q^^{Pn) is contained in D„. Hence Cn is an open neighbourhood 
of c which is contained in and such that C„ fl J(/) is connected. Since the sequence 
Un tends to c = 0, the diameter of Dn tends to zero and we get that the diameter of 
Cn tends to zero also. Hence J{f) is locally connected in c = 0. 

To prove the local connectivity at any other point z G J/, we can repeat arguments 
for quadratic case (see ||Mil | ) , which work in our case as well. If the orbit of z does 



not hit a critical piece, then the pieces around z shrink to z by contraction principle. 
Let now zero be an accumulation point of the orbit of z. Consider the annuli given 
by the Yoccoz pieces. First, note that the sum over the all depths c? = 1, 2, ... of the 
moduli of the annuli ^4^(0) around zero is infinite, just because the critical pieces tend 
to the point. Fix d and find the first iterate Zj of z that hits the critical piece at depth 
d + 1. Then an annulus of the puzzle around z at depth d + j is isomorphic to ^^(0). 
Furthermore, distinct values of d give distinct values of d + j. Hence, the sum of the 
moduli of annuli around z is infinite, as we needed. □ 



We should note that the Julia set of the Fibonacci polynomial z z^ + ci with 
ci real has positive Lebesgue measure when £ is large, see [pN|| . It follows that there 
exists Julia sets which are locally connected but have positive Lebesgue measure. 



11 The proof of the Theorem B for i large 

In this section we prove Theorem B and the Main Theorem in some non-renormalizable 
cases when i is large. 

Theorem 11.1 There exists io as follows. Let f{z) = z^ + Ci with i an even integer 
and C\ real he a non-renormalizable polynomial such that the limit set ui{c) 3 c is 
minimal and f has infinitely many times a high return in the partition given by the 
Yoccoz puzzle on the real line. Then the Julia set of f is locally connected provided 
i>io. 



For a definition of the notion of a high return, see the end of the introduction. We 
should note that the proof of this theorem also holds for every infinitely renormalizable 
/ with i is large enough (and thus giving an alternative proof of Main Theorem in the 
infinitely renormalizable case when i is large). 

As before, let ly be a symmetric interval with nice boundary points, let Rw be 
the first return map to W and let V = [v, t{v)] be the domain of Rw containing c. 
Similarly, let Ry be the first return map to V and U = [u, t{u)] the component of the 
domain of Ry which contains c. Let U = [u-^,u^] be the component of Ry containing 
the critical value ci. Let s be so that Rv\U = f^~^- In this section we will assume that 
Ry has a high return, i.e., Ry{U) = f^{U) 3 c. 
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—V c. c 



fs-1 



We cannot use Lemmas 3.3-3^ since / above is not renormalizable, however we can 



Proposition [7.1| (which also holds for renormalizable /). Let us state it quickly again. 
Let To be a minimal interval containing fiV) and its immediate neighbour among the 
disjoint intervals PiV), ...,/'* iV). Write Lq = To\/(l^). By Lemma [67^, there exists 



an interval I on either side of U which has a unique common point with U such that 



Lq is one-to-one and by Proposition [731 : 
Lemma 11.1 

l^o|>^|/(V)|. 

Given the interval V = {—v, v) we construct an £-polynomial-like map sitting inside 
the domain Q = V) defined as 

n = D{V;e)[jD{I;e)\jD{-I;e), 

where 6' = 6*0 is some absolute constant (angle) to be determined later on, the interval 

Let F:V-^ U he the inverse to the map /*~^: U ^ V. Then F extends to a 
univalent map on a maximal interval T containing V and then to domain Ct- The 
first observation is that for all sufficiently large degrees i, the interval 

J = Ju (-/) = finM 

is inside the interval T. This is because 

log(ll/10),» 11 
(1+ ^/ ' Y--<l + l/3, 



that is /(/) C (ci, f •' ) U Lq, by Lemma |11.1| . In the formula above the symbol ~ means 



that the left hand side converges to the right hand side as ^ — oo. We shall use this 
convention throughout this section. 
We are going to prove 
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Figure 2: < 1.3 when £ » 1. 
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Proposition 11.1 There exists 6q > 0, such that for all sufficiently big £, 

f-^oF{dQ) C Q. 

Before proving this proposition we show 

Proposition 11.2 Proposition \11.1\ implies the Main Theorem in the non-renormalizable 
high case when i is sufficiently large. 

Proof: It is enough to construct the ^-polynomial-hke mapping inside the domain 
Q. Since f:uo{c) uj{c) is minimal, each point in oj{c) eventually is mapped into 
V and therefore is in the domain of definition of the map Ry- There exists a finite 
collection of disjoint intervals P = U and I^, . . . ,P in V, which form the domain of 
definition of the map Ry (see Proposition [4.1| and its proof). More precisely, every 



X G co'(c) n V belongs to some P or to U, the map Ry- P ^ V is a diffeomorphism 
for j = l,2,...,i, and U E c with Rv\u{U) = f^iU) 3 c (the high return). Given 
j = 1, . . . ,i, there exists an interval P containing P such that Ry'- P —>■ V extends to 
a diffeomorphism from P onto the interval / (from the definition of the domain Q). 
Indeed, if P D P is a maximal interval on which Ry is monotone, then Ry{P) contains 
V and its immediate neighbour (from the collection of intervals f^iV)) on either side 
of V . Hence, Rv{P) C /~^(To) fl M. Thus, P C P . Since / has no attracting periodic 
orbit, P is a subset of either the right part J of / or its left part — /. Let, for example, 
P C /. By Lemma there exists a domain VLj inside D{P; 9) <Z D{P,6) (Z Q which is 
mapped diffeomorphically by a map R^ (an iteration of /) onto Q. We have constructed 
Qj for each j = 1, 2, ..,i, and each 6 G {O/tt/2). Assuming Proposition |1 1 . 1| , we fix the 



angle and find a domain fig C i7 such that R^ = f'-.QQ ^ Q is a proper £-cover. 
Since the domains = 0,1, . . . ,i may intersect each other, we modify so that they 
become £-polynomial-like. To do this, let us consider a Yoccoz piece Py containing the 
ends of the interval V on its boundary. Let D be a component of Py fl Q containing 
V. For every j = 0,1, . . . ,i, there exists a domain Dj C such that Rj: Dj —>■ D is 
a diffeomorphism if j > 0, and an £-cover if j = 0. Since all Dj lie in different Yoccoz 
pieces, we obtain the £-polynomial-like map. □ 



Proof of Proposition | i 1 . J\ : We prove this proposition using three lemmas and their 
corollaries. 

Lemma 11.2 //a G such that < a — ci < (ll/10)(f'^ — ci), then Ki{a) < 2, for 
all I big enough. 

Proof: liy< (3/4)-(ll/10), then, by Corollary ~ l/(e-log(l/t/)) < L9123... < 
2. □ 

Let Pe{z) = z^. The next lemma gives information about the asymptotic shape of 
Pe{D{{—l, 1)',6)) as £ — > oo. We need even something more general. Fix K between 
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+00 and —1, some C > 0, and 9 G (0,7r/2), and consider a Poincare neighbourhood 
D = £>((-(! + f 1 + f ); 6) of the interval (-(1 + f )K, 1 + f ) (here K > -1). 
Take a real A > and consider a point zi{h) of the boundary of the above D with 
arg(z) = A/£. 




1 l + C/l 



z ^ z 



A 



gVgACOtg6»gjA 




TT 



Figure 3: The image of a Poinacare disc under the map z \^ z^. 



Lemma 11.3 Pi{zi{h)) tends, as i ^ 00, to a point 

exp(C) exp ( A^;^ ) exp(^A) 

of a logarithmic spiral, and the convergence is uniform in A on every compact of 
(0,+oo). 

Proof: If z edD, then, by O, 



z = (l + 



1 + 



K + 1 i ■ exp{i6 
~ sm{9) 



[1 - exp(z0)) 
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where is the angle between the vectors z — Zo,l — Zq, with zq the centre of the circle 
D. As eiYg{z) = A/i — > with £ — > oo, then ^ — > uniformly in A on every compact 
of (0, +oo) (remember that 9 is fixed). So, 

, / K + 1 ^ 

z ~ exp(Gj exp < . . , exp(z 



2sm{9) 

as ^ — > oo. Let us prove that ^0 — > A^^. Indeed, by the expression for z and using 
the notation a — A/£, 

^(cos(^)-cos(^ + 0)) 
^"^""^ l + ^(sin(^ + 0)-sin(^))- 

Then 

K -1 

cos(9 + (l)-a) =cos(6l) - 2sin(Q;/2)(cos(6') sin(Q;/2) - — sin(6') cos(q;/2)). 

i\ + 1 

It follows, as a — > (and 9 =const), 

^ + <i>-^-^ + -(0) ' 

i.e., ~ 2Q;/(i^ + 1). The uniform convergence also follows, and the statement is 
proved. □ 

Given ^ > 1, ^ e (0, 7r/2), and < Ai < As < oo, we denote 

r{A, 9; Ai, A2) ^{z^A exp | A^^^ | exp(iA) ; Ai < A < A2} 

a part of the logarithmic spiral. We have proved in the lemma above that an arc of 
9D((— 1, 1); 9) of the points z with < arg(2;) < A/i, where < A < 00, is mapped by 
Pi asymptotically onto 1(1, 9; 0, A), and an arc of dD{{0, 1 + {!/£) log(ll/10)); 9) of the 
points with < arg(2;) < A/i is mapped by Pi asymptotically onto r(ll/10, ^; 0, A). 
Let us note that the arc r(l, 9; 0, A) is inside D{{-K, 1); 6*), > 1, if A > is small 
enough, because these curves are tangent at 1, but the curvature of the logarithmic 
spiral at 1 is less than the curvature of the curve (a part of a circle) dD{{—K, 1);^) 
at 1. On the other hand, it is clear that for given K and for A big enough the spiral 
r(A, 0, 00) is already outside oi D[[—K,l)]9). We are going to find a lower bound 
for A. 

Fix K > 1, and A > 1. 

Lemma 11.4 If for some sequence of 9 tending to zero, the (open) curve r(y4, ^;0,7r) 
intersects the curve dD{{—K, 1); 9) at a point Z{9), then Z{9) tends to 1 + x, where x 
is a positive (real) solution of the equation 

^exp^^ l£±lZ I _ (1 + 2;) = 0. (11.1) 

1 + X 
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T{A,9]0,oo) 



Figure 4: D{{-K, 1); 6) when 9 « 1 



Remark 11.1 It can be seen from the proof below that this condition is also 'only if. 
Proof: We have at the point of intersection Z{6) (of argument a): 



. ( cos(6') 1 K + 1 i.expUi 

Aexp a . } exp[taj = 1 + 



sin(^) J ^ '2 sm{e) 

and a consequence is the equahty for arguments: 

f^sin(f)sin(^ + |) 



;i -exp(i0)), 



:il.2) 



tan(a) 



l + a^sin(f)cos(^ + f) 



:il.3) 



Remember that some sequence of ^ 0. A priori the following cases are possible for 
some subsequence: 

I. (f)/9 — * oo. We are going to prove that this case is, in fact, impossible. 

II. (j)/e^t< oo. 

Case I is divided into three subcases. 

la. ^ vr. Then and 0/^ — oo gives tan(a) oo, i.e., a — >■ 7r/2. Now 

we compare the left-hand side (LHS) and the right-hand side (RHS) of (|11.2|) . The 
modulus of the LHS is equal to 

, , C0S(6') TT , 

while for the modulus of the RHS we can write 
K + 1 i ■ exp(i^ 



1 + 



. (i_exp(^0))|~|l + ^(i^ + l)-|, 

sm(t^) 6 
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so the equality ( |11.2|) cannot hold in this case, 
lb. — > 27r. Then a > 71/2, i.e., 

, cos(^^) , , ,7rcos(6'), 
Aexp{a— ^} > Aexp . ; M ~ 
sm^b*) 2 sm^fc*) 

while the modulus of the RHS of ( |11.2[ ) can be at most 

K + 1 



Aexp\ 



vr , 
29' 



9 ' 

as 9 0. This is again a contradiction. 

Ic. tends neither to 7r/2 nor to vr (but (f)/9 ^ oo). Then, from ( |11.3| ), a ~ ^+0/2, 
and the modulus of the LHS of ( p.l.2|) is at least 



^exp-(l + J) 

while the modulus of the RHS of ( |11.2| ) is less than 



1 + + 

Since (j)/9 oo, this is impossible again. 

Case II: 0/6* ^ t < oo (as 6* — » along a sequence). Then 

(A-+l)!l^^.= (A-+l)i/2<oo 
sm(cy) 

and tan(a) —^0. If t = 0, then the RHS tends to 1, but \LHS\ > A> 1. Thus, t and 
X are not zero, and, from ( |11.3|) , 



a ~ 



x(l + 0/(2g))^ x(l + ^) ^^ 



l + x 



l + x 



Then the RHS of (11.2) tends to 



l + x. 



Substituting these in ( 11.2 ), we obtain the equation ( |1 1 . 1| ) for x. Moreover, the point 
of intersection tends to 1 + x G M. The lemma is proved. □ 



Corollary 11.1 Given K > 1, if 

^ > MK) = ^5^, (11.4) 

then, for all 9 close enough to zero, the arc T{A, 9; 0, tt) of the logarithmic spiral does 
not intersect the domain D{{—K, 1); 9). 
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Remark 11.2 The condition l \11.4\ ) is also 'only if. 



Proof: It is enough to prove only that, with this particular choice of A, equation 
( |11.1|) does not have positive solutions. If A > 1 is close enough to 1, equation ( |1 1 . 1 



has at least two positive solutions. On the other hand, since the second derivative of 
the left-hand side of 



Aexp 



x(l + 



K+l' 



1 



1+X 



(K+l) 



1 + 



2K 2K{K+1] 



x] 



1 + x) 



+ 



1+x) 



has exactly one positive root, the number of positive roots of (|1 1 . 1| ) is at most two. If 
A is large, there are no positive roots at all. Hence, there exists some A^ > 1, such 
that with A < A^, there are two roots, and with A > A^ there are no roots, and A^ can 
be defined by a condition that with A = A^, the equation has one multiple positive 
root X. So, 

Aexp{— — = 1 + 



1 + x 



and 



Then 



+ 



K 



K+l {K + l){l + xy 



K 



' xil + 



exp 



K+l' 



1 



K+l {K+l){l+xY 1 + x' 

i.e., X is either 0, or — 1. The zero corresponds to the trivial value A* 
tuting X = i^' — 1, we obtain the formula ( [L1.4|) . 



1. Substi- 

□ 



Corollary 11.2 Given an arbitrary interval J C M, for all 9 small enough, the curve 
r(l, 6*; TT, 27r) is outside the closure of the domain D{J;9). 

Proof: Obviously, the curve r(l, 6; it, 2tt) is a curve T{Ag, 6; 0, it) rotated by the angle 
TT, where Ag = exp(7r ^°^|gj ) tends to oo as ^ tends to the zero. □ 

Conclusion of the proof of the Proposition Remember that we chose the domain 

of renormalization 

Q = D{v-e)[jD{i-e)[jD{-i-e), 

where V = (— f , v) and v is the boundary point of V so that F{v) = u-^ G (ci, f (we 
assume that f > 0), ^ is some absolute constant (angle) to be determined later on, and 

T tr> I log(ll/10) \ 

We need to find 6 = 6q> Q and £o, such that for every £ > £o, 

f-^ o F{d^) C VL. 
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To do this, consider the pullback F{Q). Let us rescale Q such that the interval V = 
{—v,v) turns into the interval (—1, 1). We call the obtained domains by Q*. Let us 
rescale also F{Q) by shifting first by — Ci, and then rescaling it so that the interval 
(ci,f-^) turns into the interval (0,1). We call the obtained domains by Q*. It is 
convenient to introduce also the scaled map F* corresponding to the map F (the 
pullback of f'-^y. 

— ci 

So Vt* = F*{Q*). It is enough to find 6 = Oq and io, such that for every i > we have 
that the closure of P^T^i^*) is inside fi*. (As above, Pe{z) = z^.) By our choice, 

fi* = D((-l, 1); 9) U D{r- 9) U D{-r- 9), 

where /* = (0,1+ '°^^^'°^ ). 

Let us look at the all parts of Pf^ oF*. Given 2; 7^ 0, we let Ei{z) be a unique point 
w such that Pi{w) = = z and aig{w) e [{2i - l)7i/i, {2i + l)7r/i), i = 0,1, . . . ,1 - 1. 
Because of Lemma |11.1| , the restriction of F* to the real axis is defined on the interval 
(~(|)^''^5 i^Y^^)- Moreover, the real map Eq o F*: (0, {^Y^^) ^ M is a homeomorphism 
and it sends the interval (0, {^Y^^) i'^^o itself (since Ry has a high return and / has no 
attracting periodic orbit). It follows that 

Eo o F*{D{r; 0)) is a proper subset of £>(/*; ^), (11.5) 

for any angle 9 G (0, 7r/2]. 

Let us consider the rest of Eq o F*{VL*), i.e., the set Eq{W), where 

W = F* (D((-l, 1); 9) U D{-r- 9)) . 

The trace of W on the real axis is contained in the interval i—Ki, 1), where for i^i > 



we have a bound controlled by Lemma 11.2 



< 2, 



11/10 



for all big C.. It follows, that the set W is covered by D{{—Ki, 1); 9), for any 9. 
Observe that by dlT^ ), 

A,{Ki) < A,{2.2) = 1.04... < 11/10. (11.6) 



Applying Lemma 11.3 and Corollary |ll.lj , we find an angle > and a degree ii. 



such that, for all 9 < 9i, and for all £ > ii, the set Pe{n* (1 {z ; arg{z) e [-n/i, n/i]}) 
contains W, that is Eq{W) is inside Q*. Therefore, we have proved that Eq o F*{Q*) is 
inside Q*. By the symmetry of Q*, Ei/2 o F*{Q*) is inside Q* too, for the same 9 and i. 

Now we consider Ei o F*{Q*). The domain F*{Q*) is contained in a domain 
D{{—Ki,4/3);9). So, we can apply Corollary |11.2| (together with Lemma |11.2D to 
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conclude that, for some ^2 > and £2, if ^ ^ ^2 and (- > (,2-, then Ei o F*{VL*) is 
contained in the Poincare neighbourhood Z)((— 1, 1); ^). Essentially, this is the end 
of the proof. Indeed, each other o 1, 1);6')), {i 7^ 0,£/2), is contained in 

1, 1); ^), since 1, 1); ^) is invariant under the rotation z ^ exp(z ■ 2ts:/ €)z, for 

2; in the first quarter. 

Thus, for 9 = 9o = minj^^i, 6^2}, and for every i > io = max{£i,£2}, we have that 
fl* is inside of fi*. □ 



Thus we have completed the proof of Proposition |11.1| and of Theorem B for the 
case when i is large. 

12 The proof of Theorem B for all degrees 

In this section we complete the proof of Theorem B and of the Main theorem in some 
non-renormalizable cases: 

Theorem 12.1 Let f{z) = z^ + ci with i an even integer and c\ real he a non- 
renormalizable polynomial such that the limit set uj{c) 3 c is minimal and f has in- 
finitely many high returns in the partition given by the Yoccoz puzzle on the real line. 
Then the Julia set of f is locally connected. 

Of course, we may assume in the proof below that i > 4 because when 1 = 2 
then the result holds (even without the assumption about high returns) by the result 
of Yoccoz 0, see the Introduction. So let us fix £ > 4. In the previous section we 
have proved the above result already for i sufficiently large. Since the estimates in this 
section for I 'small' are more delicate and since the proof in the previous section shows 
that the shape of the domain (i.e., ff) can be chosen uniformly in we have dealt with 
the asymptotic case separately in the previous section. We should note that the proof 
of this theorem also holds for every infinitely renormalizable / with £ > 4. Since we 
use only the 'easy space' 1/3, one might hope to extend this result to certain non-real 
polynomials. 

Given the interval V = {—v,v) such that Ry has a high return we construct an 
£-polynomial-like map sitting inside the domain Q = V), where Q is either the disc 
D^{V) based on the diameter V, or 

n = D{V;e)[jD{I;e)[jD{-I;e), 

where 6 = 6q is some absolute constant (angle) to be determined later on, and 

/= (0,1.07^/'^;). 



Here F{v) = E (ci,f-^) and we may assume that f > 0. 
As before, it is enough to prove 
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Proposition 12.1 Given £ > 4, there exists 9q > 0, such that 

f-^ o F{dQ) C Q. 



The proof of the Proposition |12.1| is somewhat similar to the proof of the Main 
Theorem in the infinitely renormalizable case for degree 2 and the proof of the Theorem 
B for sufficiently large degrees. The main new ingredient is contained in the following 
lemma: 

Lemma 12.1 Either the disc D^:{V) is a domain of the i-polynomial-like mapping, 
i.e., f'^ o F{D^{V)) C D^{V), or otherwise F{D{-I]6)) lies inside D{P]6), where 
P is an interval around Ci ; 

// = (ci - 2.12|t;^ -ci|,ci + 0.68|t;^ - Ci|). 

Proof: Remember that the constant K^{vf) = — Ci|/|f •'^ — Ci| depends not only on 
the extendability space (which is 1/3), but on the parameter t = \c — Cs+i\/\T\ as well 
(see Lemma 15.11). If t > 0.51, then 



' - 0.5lV^(3/4)(l - (3/4)1/^) - 0.5lV4(3/4)(i _ (3/4)V4) - 

so that we apply Proposition Thus, we can assume t < 0.51. The right end of the 
interval F{—I) is just the point c_s+i, which belongs to the interval (ci,Cs+i) (since 
we have a high return). Hence, 



|ci — V'fl \ci — vf\ 



The left end b of the interval -F(— /) is obtained from Corollary 5.1, where we put 
y = 1.07/(4/3) = 0.8025, so that K;{y) < Kl{y) = 1.97063... < 1.98. Since a = 
ci + 1.07|f-^ — ci| and Ki{a) = |& — Ci|/|a — ci| < 1.971, indeed, \b — ci\/\v-^ — ci| < 
1.98 X 1.07 < 2.12. □ 



If the first alternative in the lemma holds then Proposition |12.1| holds. So we will 
assume in the remainder of the proof that the second alternative holds. The next 
lemma will allow us to apply Lemma p.l| for any degree i > 4 (and not just for i = 2). 
Let us denote for simphcity D{9) = D{{—1, 1); 9). Set 

Ue{e) = {ze D{e) : < arg^ < n/i}. 

As before, Pe{z) = z^. 

Lemma 12.2 Fix < 9 < 7r/2. Then 



P,(n,(^)) C P,+2(n,+2(^)), i = 2,4, 
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Proof: Assume the contrary. Then the boundaries of Pi(Ili{9)) and P^+2(n^+2(^)) 
have a common non-real point, i.e., = -u^"*"^, for some z G dD{6), < arg^; < n/i, 
and u G dD{6), < arg^; < -k/{£ + 2). Hence, u = z^, with t = i/{i + 2) between zero 
and 1. The point z^ belongs to an arc r(l, 6*1; 0, Aq) of a logarithmic spiral starting 
at the points 1 and ending at z G dD{6) and crossing the circle dD{9) at the other 
point u. If 61 < 9, it is clearly impossible (see Section ^l]). Consider the case 9i > 9. 



Then r(l, ^1; 0, A) is inside D{9), if A is small. Hence, there are two points zi, Z2 of the 
intersection of the arc r(l, 9i] 0, Aq) with dD{9), such that arg zi < arg Z2, and this arc 
leaves the disc D[9) at zi and again enters it at Z2- By the geometry of the logarithmic 
spiral, the angle between the vector zi and the circle D{9) is at least 9i, and the angle 
between the vector Z2 and the circle D{9) is at most 9i. This is a contradiction with 
the fact that the angle between a vector w G dD{9) and the tangent to dD{9) at w is 
increasing as w G dD{9) moves from 1 to —1 (in fact, it increases from ^ to 27r — ^^). □ 



In order to prove Proposition |12.1| , we need to find for any £ > 4 some ^ = > 
such that o F{dVL) C Vt. To do this, consider the puUback F{VL). Let us rescale Vt 
such that the interval V = {—v, v) turns into the interval (—1, 1). We call the obtained 
domain VL* . Let us rescale also F{VL) by shifting first by — Ci, and then rescaling it so 
that the interval (ci, f turns into the interval (0, 1). We call the obtained domain VL* . 
It is convenient to introduce also the scaled map F* corresponding to the map F (the 
pullback of f'-^y. 

F*(z) = -. 

VJ — Ci 

So Q* = F*{Q*). It is enough to find 9 = 9^ such that the closure of PfT^i^tl*) is inside 
fl*. (As above, Pi{z) = z^ .) By our choice, 

= £>((-!, 1); 9) U D{r; 9) U £>(-/*; 9), 

where /* = (0, L07^/^). Let us look at each piece of P[^^oF. Given -2 7^ 0, define Ei{z) to 
be the unique point w such that Pe{w) = = z and arg(w) G [(2? — l)7r/£, (2i + l)7r/£), 
2 = 0,1,...,/ — !. Because of Lemma |1 1 . 1| , the restriction of F* to the real axis is defined 



on the interval (— (|)^''^, i^Y^^)- Moreover, the real map Eq o F*: (0, (|)^/^) — M is a 

homeomorphism and it sends the interval (0, (|)^^^) into itself (since Ry has a high 
return and / has no attracting periodic orbit). It follows that 

Eo o F*{D{r; 9)) is a proper subset of £>(/*; 9), (12.1) 

for any angle 9 G (0, 7r/2]. 
Let us now show that 

EoiF*iDii-l,l);9)))cn, (12.2) 



in other words, that F*{{D{{-1,1);9))) is covered by the set Pi{Q n {z ; -n/i < 
argz < n/i}). To see this, first note that by Corollary F*((L'((-1, 1); 61))) C 
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D{{—Kq, 1); 9) with the constant 

Ko = i^;(4/3) < Kl{A/3) = 1.51983... < 1.52. 



By Lemma |T23, the difference Ae{e) = D{{-Ko, 1); e)\Pe{Ue{e)) is contained in A2{9). 



Hence ( |12.2| ) follows from: 

Lemma 12.3 For all 9 small enough, 

A2{e) C Pe{D {I*; 6)0 {z; < arg^ < 7r/£}) , £ = 4, 6, . . . . 

Proof: Assume that this is not the case for some sequence 6' — > 0. Then zi = for 
some zi G dD{{—Ko,l); 9) and Z2 G dD{P]9). Moreover, argZ2 < 7r/£, and, what is 
crucial, since we were able to apply Lemma p.l| , zi tends to a point of the real interval 
[1, Kq] (for some subsequence) as 6* ^ 0. We have 

Kq + 1 i ■ expjie) 
-1 = 1 + ^ —(0^-(^-^M^<P))- (12.3) 

where G (0, 2tt — 6) is the angle between the vectors zi — C,l — C , with C the centre 
of the circle D{{—Kq, 1); 6). For Z2 G dD{P; 9) we have a similar expression: 

,, = ^.511i(i±2).exp(n), (12.4) 

sm 9 

where A = 1.07^/^ and 7 G (0, n/i) is an argument of Z2- Since Zi tends to a real point 
in [1, Kq], it follows from ( |12.3| ), that (j)/9 tends to a non-negative finite constant B, as 
^ ^ 0, and 1 + < Kl i.e., 

< B <2{Ko-l). (12.5) 

Hence, from the condition zi = Z2 and from ( |12.4[ ), 7/6' tends to a finite D > 0. 
Separating now real and imaginary parts of the equality zi = Z2, we obtain the following 
system for B and D: 

1+ ^°^"^^ -B = 1.07-{1 + DY (12.6) 

. 5 ■ (1 + |) = 1.07(1 + dY-£-D, (12.7) 

where 

i^n = 1.52. 



Dividing ( |12.7| ) by ( |12.6| ) and substituting the obtained expression for D into (|12.6| ) 



we come to the equation: 



l + j±±l.fl = ^.{l + ^.j^. ^-(l + f) Y, (12.8) 
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where 

Kq = 1.52 

and 

A = 1.07. 

With these Ko and A, this equation ( [12. (j| ) has no solutions on the interval [0, 2{Ko — 1)] 
for £ = 4, and, hence, for all i > 4. In order to see this we claim that, given A > 1, 
this equation has either exactly two non-negative solutions (maybe one multiple), or 
no non-negative solutions at all. Before proving this claim let us first show that this 
implies the lemma. 

Indeed, if 5 = 2{Ko — 1) is a solution, for some parameter then 

^0 = T^V^ = 1-05835.... 

On the other hand, taking the derivative of both sides of (|12.8|) (with i = 4) with 
respect to B, we obtain, of course, Di = {Kq + 1)/2 on the left hand-side, and D2 = 
{Ko + l)/2 ■ 4(A^2 ^Ko + 1)/{KI + 4Kq - 1) on the right-hand side. Since Di > D2, 
it means that 2{Kq — 1) is the smallest positive solution of (|12.8| ) (for Aq). Since 



A = 1.07 > Ao = 1.05835, the smallest positive solution of ( 112:^ ) for A = 1.07 is 
therefore at least 2{Kq — 1). 

So it remains to prove the above claim. For this it is enough to show that the second 
derivative of the right-hand side of (|12.8| ) (with £ = 4) has exactly one positive root. 



Let us make a linear change of the variable: define x = 1 + ^°^^ B, so that 1 < x < 00. 
Then 

Ko + 1 Bjl + f) ^ x-2 _ K, 1 ^ 
2 1 + i^B Ko + l Ko + lx' ^ ^ 

(the latter equality is just notation). Hence 

r-M- 1 



Kn + 1x3' 



'■0 

And the second derivative of the right-hand side of (|12.8|) w.r.t. x is (after calculations) 



(1 + T{x)/4) \ \ X {Sx^ + 4Kox^ - 2Ko{5Ko + 3)x + 5K^} . 

4(^Ao -\- i) X ^ ' 

The polynomial in {...} has no more than two positive roots (because the derivative 
of {...} w.r.t. X is an increasing function of x > 0). By checking the values of {...} at 
X = 0, 1, 00 it follows that it does have one positive root between and 1 and at least 
one root > 1. So, it has exactly one root greater than 1 and the claim follows. □ 
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Because of (|12.1|) and (|12.2|) , in order to conclude that Eq o F*{Q) C Q, we only 
have to show that Eq o F*{D{—I*]9)) C fi*, for 9 small. Lemma |12.1| says that 
F*{D{-r; 6)) C D((-2.12, 0.68); 6). Therefore, by the remark below Lemma p^ , for 
this it is enough to check 

Lemma 12.4 If 9 is small, then 

D((-2.12, 0.68); 9) C P2p((-1, 1); 6)). (12.9) 

Proof: Since 1/0.68 = 1.47059 > 1.47 and 2.12/0.68 = 3.11765 < 3.12, it is enough 
to prove (after rescaling) that 

D((-3.12, 1);9)C P2iDii-ilA7y/^, (1.47)1/^); 9)). (12.10) 

For a possible point Z of intersection of the boundaries, we obtain an equation 

3.12 + 1 iexp(i9) ,^ ,. ,,, ^ _ ,^ exp(?(6' + a)) ,^ n ^ , n \\\ 

1 + ^-V^- 1-exp 20 = 1.47-1+ \ 2^ ■ 2cosg-2cos g + a . 

2 sm 9 sm 

If ^ and 0, a is a solution of this equation, then 0/0 and al9 tend to finite 
constants M > and > respectively (proof: P2{D{{-{\Alfl'^\\Alfl'^Y9)) 
certainly contains P2(-D((— 1, 1); 6')) while the boundary of the latter domain intersects 
D{{—K, 1); 9) at a point Z{K, 9) of an angle 0i such that 0i/0 is bounded as 6^ — > 0, 
see Lemma |9.1| .) We have the following equations for Af and A^: 

1 + ^-^p- ■ M = 1.47 .(1 + 4.^.(1 + ^)) (12.11) 

Hi±i.M.(l + f)^1.47.44.(l4).(l + A'). (12.12) 

This system has no non-negative solutions (M, A^). A way to see this is to reduce the 
system to a polynomial equation. For this, denote M+l = x, N + l = y. Then 



x-l _ 1.47?/2 - 1 
2 ~ 3.12 + 1 

X + l _ 1.47(?/2 - l)y 

2 ~ 1.47y2 - 1 
This implies that ?/ is a zero of the polynomial 



;i2.i3) 

^12.14) 



^, , 4 3.12 + 1 3 3.12 - 1 2 3.12 + 1 3.12 

Ky) ■■= y' - ^^v' + ^i^^ + ^1^^/ - ^^^'^^^ 

However, the polynomial h{%j) does not have solutions y > I. Indeed, the second 
derivative of this polynomial h"{y) is a parabola with zero's aX y = .2000905878 and 
at y = 1.201269956. If follows that h'{y) is a cubic function with a local maximum 
at y = .2000905878 and a local minimum at y = 1.201269956. An explicit calculation 
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shows that 201269956) > and therefore, one has that h'{y) > for each y > 1. 
Hence h{y) > h{l) > for each y > 1. □ 

Thus, we have proved that EooF*{Q*) is inside fl*. By symmetry of Q*, E^j2oF*{VL*) 
is inside VL* too, for the same 6 and £. 

Now we consider Ei o F*{VL*). First note that the domain F{VL*) is contained 
in 2.12, 4/3); ^). So, for given £ > 4, and for 9 sufficiently small, the do- 

main P£(D((— l,l);6')n{z; vr/£< axgz < Svr/f}) and its complex conjugate contain 
2.12, 4/3); ^) since the diameter of the latter domain grows as const/ smO while 
the diameter of the former domain grows as const/ sm^ 6 as ^ 0. 

This is enough to conclude the proof of the Proposition |12.1| . Indeed, each other 

oF*(D((-l,l);e)), {i ^ 0,£/2), is contained in L)((-l, 1); ^), since L)((-l,l);^) is 
invariant under the rotation z ^ exp(z ■ 2ti/ t)z^ for z in the first quadrant. □ 



As we noted above. Proposition |12.1| implies Theorem 12.1. 



13 The proof of the Main Theorem and Theorem 
A in the 'period doubhng case' 

In this section we shall modify the proof in the previous section in order to show that 
the Main Theorem also holds in the case of an infinitely renormalizable map of period 
doubling type (from some renormalization onwards). This case was not dealt with in 
Sections H and ^ because the space 0.6 which is used there, only holds in the case that 
/ is not renormalizable of both period s and period s/2. In that exceptional case, the 
space is merely 0.5, see Lemma |6.5| and therefore we can use the method of round discs 
as in Section | only for £ > 8, see Example 5.1. Therefore we shall use the ideas of the 
previous in this case when £ < 8. These arguments also show that Theorem A holds 
in this exceptional case (that / is renormalizable of both periods s(n) and s(n)/2). 

So let us indicate the differences with the proof in the previous section. Of course, 
the proof of Theorem A already follows from the previous section if £ > 4 and so we 
have to take £ = 2 in the previous section. Firstly, define Vt as before with the difference 
that we take the interval / = (0, 1.09^^^) now. Lemma |12.1| and its proof go through 



unchanged (replacing 1.07 by 1.09) because the actual constants for £ = 2 and space 
0.5 are even better than as in the proof of this lemma. Lemma |12.2| is not needed. In 



Lemma |12.3| we have to take £ = 2 in the statement. In the proof we take Kq = 1.4 and 



A = 1.09. The calculations are slightly different but it is easy to check that everything 
works as before. Finally, Lemma |12.4| and its proof go through unchanged. All this 
concludes the Main Theorem in this case. Theorem A for this case follows also in the 
same way as in Section 0. □ 
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14 Proof of Theorem C 



The proof in this section is an elaboration of Section 5 of [[Ly3|] and Lemmas 14 and 
15 in ||Ly5|] . We wish to thank Edson Vargas for several discussions on these sections. 

Let £{T^) be the collection of mappings g: UTl T° where T° is some symmetric 
interval around c with nice boundary points and where is a finite collection of 
disjoint closed sub intervals of for which 

• for i 7^ the map g:Tl — >■ is a diffeomorphism of the form f^^'^'> and the inverse 
map {g\Tl)~^ has a univalent extension to C^o; 

• writing = Tq we have that g\T^ is a unimodal map of the form and with 
g{dT^) C dT^; one can write g\T^ = ho f where has also a univalent analytic 
extension to C^^o; 

• all iterates of the critical point c = under g are in UT/. 

Assume there exists a symmetric interval containing T", so that when writing as 
before g\Tl = /ij o /, the map has a univalent analytic extension from Ct-i into 
C//- where Hi is some interval containing /(c) such that f~^{Hi) flM C T°. If this 
holds then we say that g G £^(T°,T^^). 

An example of a map g which is of type £{T^ ^T~^) is the first return map to an 
interval Wn = [un, t('U„)] as in Section 2. More precisely, since we have assumed that 
uj{c) is minimal, we only consider the finitely many branches which contain points 
from uj{c). The /-image of each branch can be extended to Wn-i (hence the first 
return map is in S{Wn, Wn-i)). Indeed, the boundary points of Wn are nice and there 
are no forward iterates of dWn in Wn-i \ Wn- So take a domain / fl Wn = of the 
first return map R to Wn and a maximal interval T containing I so that h R\I = /* 
is monotone. By maximality of T for each component T+ of T \ J there exists some 
j < i so that f^{T^) contains c in its boundary and since R is the first return map 
/■' (/) n Wn = 0. Hence f^(T^) contains a boundary point of Wn and therefore f\T+) 
contains a point of dWn-i- Since this holds for both components of T \ I this gives 
/*(T) D Wn-i- So on each branch / C Wn of R one can write R = ho f and h extends 
as a diffeomorphism from some neighbourhood of /(/) 3 C\ onto Wn-\- 

We say that g G SlT'^) has a low return iterate if g{T^) does not contain the critical 
point c. In this case we define TZg G £^ as follows. First define TZg so that it coincides 
with g on Uj^o^/- Define sq > 2 to be minimal so that g'^°^^{c) G T^\T^ and let s > sq 
be minimal so that g''^{c) G T^. (This means that g^{T^) fl 7^ 0.) Because g has a 
low return iterate and no periodic attractors, sq exists (sq = 2 if g{T^) fl = 0) and 
since a;(c) is minimal the integer s also exists. Therefore we can define the new central 
domain of to be the component of the domain of g"^ containing c. Note that by the 
choice of s we have TZg{T'^) fl 7^ 0. Moreover, by the way sq is chosen we also have 
g{T^) n = 0. For X E \ T'^ let s{x) < s be the smallest integer for which g^'^^\x) 
and g^'^^\c) are in different components of Uj^o^/ and define TZg{x) = g^^^^^^{x). 
The domains of TZg in \ map diffeomorphically onto T°. In fact, we even have 
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TZg e To show this it suffices to show that if TZglT"^ = /™ then there exists an 
interval A D f{T'^) which is mapped diffeomorphically onto T° by /"*~^. Indeed, if 
g\T^ — p then the Koebe space of f^~^\f{T^) spreads over T° and in particular over 
one of the intervals connecting to c. Applying g^°~'^\T^ = ^^lis it follows 

that the Koebe space of g'^"^^ o f^^^\f(T^) spreads over one of the intervals connecting 
dT^ to g''^"~'^{c) (which by definition is in T^) and in particular this space contains 
UiyLoTl- Since g maps such intervals onto T° and s > sq is minimal, the Koebe space 
of /"^"^|/(T'^) spreads also over T°. This we have proved that TZg e If TZg again 
has a low return then we can define TZ^g G £ and so on. 

If g has a high return iterate (i.e., not a low return iterate) then let x be the 
orientation preserving fixed point of g\T^ and z the boundary of on the same side 
of c as X. Next take preimages of Zq = z, Zi, Z2, ■ ■ ■ oi z along this branch of g\T^ (so 
[2;i,t(2;i)] = and k — > 00). Define Uk — [zk,T{zk)] and choose k minimal 

so that gUk D 11^- Such an integer k exists because we have assumed that / is not 
renormalizable. The interval := Uk is the escape interval associated to a map g 
with a high return iterate. For i = 0,l,...,A; — 1 define the new map VVg on Ui \ f/j+i as 
g'^^ og and define Wg on Uk as the first return map of g to Uk- Note that Wg ^ £{T^) 
because the image of the central branch is contained in the interior of (and does 
not stretch over to dT^). However, the first return map Wg of Wg to is contained 
in £{W^^ T^). Note that the domain of Wg is smaller the domain of g, and the 
extension associated to Wg includes the domain of the original map g. 

Lemma 14.1 Assume that g e E{T^) is a first return map to a symmetric inter- 
val around c with nice boundary hounds. Let g,TZg, . . . jTZ'^'^g have low returns 
and let T^, . . . ,T^+^ he the central intervals corresponding to g,TZg, . . . ^Tl^g- Write 
Jl^g^rpk+i _ jm ^j^-j-j^ m eN and let A D f{T^^^) 3 Ci he the interval which is mapped 
by /™~^ diffeomorphically onto T°. Then 

• there exists a sequence of integers A; + 1 > pi > p2 > • • • > ^ 1 (^'<^d integers 
n{pi) < n{p2) < . . . < n{pr) such that n = n{pi) < m is the largest integer such 
that APi := f<P^\A) C TP'-^ \ TP\ Then writing, s{pi) := n{pi+i) - n{pi) > 
for each i — 1, . . . ,r — 1, we have that maps A^^ onto AP'-+^. Moreover, the 
map f^^i)-^: fA^' Ap^+^ has Koebe space spread over TP'+^~^; 

• pi = k + 1 or k and the Koehe space of /"■(pi); A A^^ spreads over TP'^~^ ; 

• Pr — 1 and the Koehe space of f^-^ipr)-^: fA^ —>■ T^ spreads over T~^. 

Proof: First we observe that the boundary points of each interval are nice. To see 
this, notice for example that is the intersection of the branches T^'* of g^ containing c 
for i = l,...,s. Here g'\T'^'' is miimodal with g'{dT^'') C T° because g(dT'^'') C T^'"'^. 
By the choice of Sq and s we then have that g'^{dT'^) always remains outside (it is 
even outside for Sq < i < s). Hence dT"^ are nice points. Similarly, are nice 
points for i < k. Secondly, from the definition of Sq it follows that g{T^) fl = 
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or more generally that TU'g{T^~^^) n T^+^ = for p = 0,1, . . . , k — 1. Hence consider 
the first return map R to T^"^. It has a central interval C and restricted to 
one has R\Cp = 7^^'"V; this holds because W-^g{TP) n T^'^ 7^ by the choice of s 
and because, as wc just remarked, 7V'g{T'^^^) fl T^"^ = for i < p — 1. Moreover, at 
each point x its image R{x) is an iterate of TZ^^^g. In particular, it follows that f^A 
does not intersect dT'f because TZ^'^g^dTP) C and because /"""^(A) = T°. All 
this implies also that fl T^+^ = for i < m — 1. The third observation is that 

if j is the smallest integer such that f^{ci) E T^~^ and if 9 ci is the largest interval 
on which is monotone then f^{H) D T^"^. This follows from the fact that (9T^~^ 
are nice points. The fourth observation is the following: consider the first return map 
R to T^~^. It has a central branch contained inside T^. Now other branches are 
mapped by R onto TP'K So if J C TP'^ \ CP is so that it remains inside TP'^ \ CP 
for the first j iterates of R then R^: J — > Tp~^ has an extension onto Tp~^. The first 
assertion follows follows from observations 3 and 4. 

So let us prove the second assertion of this lemma. By definition, IZ^'^^giT^) fl 
T*^~^ ^ 0. Hence there exists n < m such that /"(A) C T^~^ and by the first 
observation in the proof the Koebe space of this map contains T''~^. Moreover, 
p{T^+^) n T^+^ = for i = 1, . . . , m - 2 and so it follows that pi = A; or pi = A; + 1. 
By the second observation if n is the largest integer with f"'{A) C Ap^ C T^i""^ then 
the Kocbc space of this map still contains Tp^~^. 

The last assertion similarly follows from the two observations made at the beginning 
of this proof. We should observe that g has a low return iterate and that therefore 

= 1. n 



Lemma 14.2 There exists K > and given A > 1 there exists a > and /cq G N with 
the following property. Assume that g e £{T'^,T~^) as above and that \T~^\ > AIT^I- 

1. If all renormalizations g,TZg,7l^g, . . . have low return iterates then there exists 
k < ko such that TZ'^g has a polynomial-like extension G: LiDi — > D^{T^); 

2. If k is minimal such that TZ^g does not have a low return iterate then either TZ'^g 
has a polynomial-like extension G: UD^ — > £)^(T°) or {\T^\/\W^^^\) > (1 — cr)~-^ • 
(|T~^|/|T°|). where W'^'^^ is the escape interval associated to TZ^g. 

3. If \T~^\/\T^\ > K and k is minimal such that TZ^g does not have a low return 
iterate then IZ^g has a polynomial-like extension G: UDi — > D^{T^). 

Proof: Suppose that g,. ■ ■ , TZ^'^g have low returns so that TZ^g: (Jli — > T° is well 
defined. As before, the Schwarz Lemma implies that the puUbacks of D*(T°) under 
the extensions of the monotone branches Jj T*^ of TZ'^g fit inside D*(T°). So let 
us consider the pullback associated to the inverse of the map IZ''g\T'^~^^ — /"^ on the 
central interval T'^'^^. 
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First we notice that since g G S{T^,T^^) there exists because of the Koebe Prin- 
ciple a constant p > which depends on A = |T~^|/|r°| > 1 such that the p-scaled 
neighbourhood of each domain is still contained in T^. Here we use that the in- 
terval H from the definition of S{T^,T~^) is mapped inside by /~^. In particular, 
|T^| < (1 + p)~^\T^\. In the same way we have 

|r+^| < (1 + I for each i = 0, 1, . . . fc. (14.1) 

Let A D f{T''+^) be so that /"""^ maps A diffeomorphically onto T°. Let = 
'R^g{T^+^) = f^(T^+^) and /° = T°\i?°. We want to compare the sizes of the pullbacks 
in R! d Ahy f^-^: A T° of the 'real' and 'imaginary' pieces /° C T°. That 
is, R' = /(T*^"*"^). Let Pi be as in the previous lemma and let R' = P^p^\R') and 
ji _ jn{pi) i^jt^^ partition of A^ corresponding to /' and R! . 

Write pj+i = ^^-p £ (0, 1). If -R, / are two intervals in Tj \ Tj+i with a unique 
common point then using the fact that f{z) = + Ci it easy to see that 

1^1 > r \f{R)\ ...^x 

Indeed, if Tj = (—6, 6) and Tj+i = (—a, a) with < a < 6 and /, R are contained in 
(a, 6) then is maximal when / = {a} and R = (a, 6). So (IliJ) 

follows from the inequality 

< 



b — a ia^ 



-1 - a^-i 



In fact, it is easy to see that because of (|14.1| ) there exists r > so that either 

^>h«r-'-i^ or i^>l. (14.3) 

Now we will start pulling back the intervals J°. Let Ki D f{A^) be the interval 
which is mapped monotonically onto by the extension of J™~"{P'-)-1; f(A^) — > T°. 
Let be the component of T^^ \ T° which is adjacent to /° (the 'extension' in the 
'imaginary' direction, see the figure below). 



R° c /° 



T- 



1 1 _ 1 

t t 



til -a) 



The intervals T° = J° U and T'^ = T° U E° U r(E°). 

If T?.'^^' does not have a low return iterate, then we have that R^ = f^[T^+^^ ^ ^=+1 
where W^^^ is the escape interval associated to TZ^g. If the inequality in assertion (2) 
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in the statement of the lemma does not hold then, writing t = \T^\/\W^~^^\ and defining 
a as in (2), the relative size of the intervals /° and E'^ can be estimated as in the 
figure above. Therefore, 

where e{a) is some function so that e{a) ^ as a ^ 0. Here we have used that 
t > \T^\/\T^\ > 1 is bounded away from 1 because of ( [L4.1| ). Hence, using the map 
which sends an interval H D U diffeomorphically onto we get 

\fiR')\/\fil')\ > C-\H,I^) > 1 - eia). By (Q) this gives 



\R'\ 



>(l-e(a))^r = (l-e(a))/ij;\ (14.5) 



On the other hand, if TZ^g has a low return then, because TZ^ g(T^^^) = 
intersects T'', we have by the Koebe Principle some constant 6 > which depends on 
\T~^\/\T^\ such that \f{R^)\/\f{I^)\ > 6 and therefore 

^ > = H:'- (14.6) 

Let us now compare \RP'+^\/\P'+^\ with \Rp^\/\P^\. Here k + 1 > pi > . . . > pr := I 
are defined as in the previous lemma. There exists an interval Kp. D f{Ap.) which is 
mapped monotonically onto T^^+i"^ by Let Ep^+^ be the component of T'p^+^^^ \ 

j\Pi+i containing c (again the extension). Then because P^+^UR'''+^ = AP'+^ C TP'+^^^\ 
ypi+i g^n^j £]Pi+i 3 xPi+i because is between c and R^'+^ , we have 

\RPi+i\ 



Oi+1 



lPi+l\ 



Hence, using ( |14.2|) , 

\RP^\ 



If TZ'^g has no low return iterate and the inequality in assertion (2) in the statement of 
the lemma is not satisfied then combining ( |14.5| ) and (|14.7|) we get 



\R^+^\ \RP^\ 



|jpi| 



> (1 -e(a))(/ip, ■ . . . ■ /ipjVp/ 



and applying an estimate as the one above ( |14.7D to the map f^^^^^-.A A^^ ^ we 
obtain, 

^ > (1 - 6(a))(/i,. ■ . . . ■ /i,J^ > (1 - e{a)) . (14.8) 
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In fact we can improve this: using in all the previous inequalities (|14.3| ) instead of 
( [14:21) , we get 

^>(l-<-))-(^)'' (14.9) 



because if the second possibility in ( |14.3 ) holds for i = j with j minimal, then as above 
(but without using (|14.5|) we have > Hp^{iip^_^ ■ . . . ■ fiiY~'^ which gives even 

a better bound than ( |14.9| ). Since [T'^+^I/IT^I < |T^|/|T°| is uniformly bounded away 
from 1, see ( |14.1| ), it follows from ( |14.9| ) that there exists k > 1 such that provided 
cr > is sufficiently small 

i^>-(0' (14.10) 



Since \R'\ = [T'^+Y and the pullback under /""-^ of D,(T°) is inside D^{[R', /']) where 
Ci is the unique common point of R' and I', the last inequality implies that the pullback 
of the disc D^{T^) along the central branch fits again inside D^{T^), showing that TZ^g 
has a polynomial-like extension. This proves assertion (2). 

If TZ'^g has a low return then combining ( |14.6| ), ( |14.7| ) and also the improved in- 
equality ( 114:31) , we get 



|E>/| /lT''+i| 

J^>5. (;.,.. ..../.J-->5(^LJ 



Because of ( [14. 1| ) we have when k is large that this last term is > 2 ( IT'^^^I/IT'^I j and 
again the central pullback is mapped inside itself. From this we get that either there 
exists k such that TZ^g does not have a low return iterate or alternatively TZ^g has a 
polynomial-like extension. This proves assertion (1). 

Let us now prove assertion (3) of the lemma. Since the last return is high the 



expression in ( [14.4[) can be replaced by 1 x K/ (2 + K) which tends to 1 as K ^ 00. 

Hence then > K/{2 + K) (|r'=+V|T°|)^"^ becomes larger than 1 when K is 

large because |T*''"*'^|/T''| is bounded away from one. Again we get a polynomial-like 
mapping. □ 



Proof of Theorem C: Let g 3 S{T^, T~^) be the first return map as in the beginning 
of this section. From the previous lemma it follows that TZ^g does not have a low 
return iterate for some k. The new map WTZ^g (as defined above Lemma [14. 1| ) is then 
defined on a smaller domain. If TZ^g has no polynomial-like extension then because of 
the second assertion in the previous lemma, the corresponding Koebe space increases 
by a definite factor (1 — a)^^ > 1 (relative to the size of the new domain). Applying 
this idea several times, either one obtains a polynomial extension at some stage or the 
Koebe space becomes arbitrarily large (compared to the size of the domains). But 
from the last assertion of the previous lemma one then also obtains a polynomial-like 
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extension. □ 

Exactly as in Section 12 one has that Theorem C impUes the Main Theorem for 
each non-renormahzable map with a minimal critical point c. If a map is only finitely 
often renormalizable then again the same argument can be used: construct the Yoccoz 
puzzle associated to the fixed points of the last renormalization and apply Theorem C 
also to the last renormalization. Thus the proof of the Main Theorem is concluded. □ 
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An Extension and an Erratum 

15 Theorem A holds for real analytic maps 

Let us first remark that Theorem A in the paper holds for real analytic maps also. 
This means that the complex bounds which Sullivan proved for infinitely renormaliz- 
able Epstein maps of bounded type, even hold for arbitrary infinitely renormalizable 
maps which are analytic on the dynamical interval. This answers a question of W. de 
Melo and gives the possibility to extend certain renormalization results of Sullivan and 
McMuUen to the class of real analytic maps. 

(Let us also note that the generalized polynomial-like map in Theorems A-C have 
the property that the critical point does not leave the domain of definition under 
iterates of this polynomial-like map.) 

Theorem 15.1 Theorem A holds for a real analytic unimodal map f which is infinitely 
renormalizable: there exists N{f) such that when Vn is a periodic central interval of f 
of period s{n) > N{f), then there exists a polynomial-like extension Fn-fl'^ of 
j!s{n). _^ such that the modulus of fi„ \ is universally bounded from below by 
some positive number which only depends on £ and so that the diameter ofQn is of the 
same order as that ofVn- The number N{f ) is uniformly bounded when f runs over a 
compact space of maps. 

Proof: First we prove that the real bounds from Sections 5 and 6 still hold if / is a 
of class C^+^yg^^^(^ with a non-flatness condition at c (see Section IV. 2. a in [MS]). 
Because of Theorem IV. 2.1 from [MS], this means that if J C T are intervals such that 
f^lT is diffeomorphic then 

Cif'T, f^J) > n (l - o{\f\T)\)) C{T, J) 

i=0 

where o{t) is some function such that o{t) — > as i — > 0. Now in Section 5 of [LS] let / 
be maximal so that as before /•'*|/ is monotone and - this is new - L = /*(/) contains at 
most 5 iterates of V. Therefore, in the renormalizable case, the orbit of T, . . . , f^{T) 
in the proof of Lemma 5.1 has intersection multiplicity bounded by 15. Moreover, 
because the map has no wandering intervals, one has maxj=o,...,fc |/*(^)| tends to zero if 
the period tends to infinity. (Note also that if /„, are consecutive central interval 
of / then 

|/n+l| < A|4| (15.11) 

where A < 1 unifornily when / runs over a compact space of maps. This follows from the 
extension given by Proposition 7.1 in [LS] and the Koebe Principle.) In particular, the 
inequality proved in Lemma 5.1 still holds with a spoiling factor Os such that ^ 1 
as the period s tends to infinity. Now take in Lemmas 6.2-6.5 also the same definition 



Local connectivity of the Julia set of real polynomials 



67 



for /. Then these lemmas still holds with a spoiling factor Os- In Lemma 6.3 simply 
note that if Qk contains more than 5 iterates of V then one simply takes Qi 3 fiY) so 
that = f^^^iQi) contains f'^iV) and precisely 5 iterates of V. Then, because the 
intersection multiplicity of the orbit Qi, . . . , f''~^{Qi) is bounded by 15 and in the same 
way as before we get C-\Qi, f{V)) > C-\Qi, /(V)) > 0,C-\Qk, f{V)) > O, ■ 0.6. 
If Qk contains less than 5 intervals then we can obtain C~^{Qi, fiV)) > Og ■ 0.6 in the 
same cases as before. Only in cases II. b and II. c we used the interval Zi. But now 
notice that the arguments used there also apply if replace Zi by the maximal interval 
Zi C Zi in Hi so that each component of f^'^{Zi) \ Q^ contains at most one iterate 
of V. Since the intersection multiplicity of Zi, . . . , /'^"^(Zi) is bounded by 18 we get 
that Lemma 6.3 still holds with a spoiling factor. In Lemmas 6.4 and 6.5 exactly the 
same remarks apply. Now in Lemma 8.1 we redefine Ti as the maximal interval such 
that f^~^\Ti is monotone and such that each component of /^~^(Ti) \ V contains at 
most 5 iterates of V. So we can still apply Lemma 6.4 in the proof of Lemma 8.1 to 
this Ti and so this lemma still holds. 

All this implies that the same real bounds can be still used in Sections 8 and 9. Now 
of course, the Schwarz Lemma (that the pullback of some Poincare domain with angle 
6 maps inside a similar region with the same angle 6) which we used in these sections 
does not hold anymore, because the map / is only analytic on a small neighbourhood 
of the dynamical interval. However, in Lemmas VI. 5. 2 and VI. 5. 3 of [MS] it is proved 
that we can still essentially obtain the same inclusion but with a slightly worse angle. 
According to Lemmas VI. 5. 2 and VI. 5. 3 the loss in the estimate tends to zero if the 
size of the interval tends to zero. Therefore we still get the same estimate in the proof 
of Theorem A. 

The statement that A^(/) is uniformly bounded when / runs over a compact space 
follows from ( |15.11|) . □ 



16 An erratum 

Firstly, we should point out that the domains of the polynomial-like mapping in The- 
orem C is are disjoint because the /-images of these (near ci) are based on disjoint 
intervals in the real line. Moreover, as Ben Hinkle pointed out, there is a mistake in the 
non-renormalizable case when we prove local connectivity outside the critical point (on 
page 42 lines 9-11 it is mistakenly argued that the sum of the moduli of some annuli is 
infinite in the non-renormalizable case). We like to thank Ben Hinkle for this comment 
and let us show how to fix the proof. We shall show that one can argue as in the proof 
of the local connectivity of the Julia set of infinitely renormalizable maps in Section 8. 
To do this we have to be a little careful since the orbit of c enters perhaps several times 
in n M at times which do not correspond to iterates of the polynomial-like mapping 
R. 

So assume that / is non-renormalizable and that uj{c) is minimal. We show that 
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the bounds from Theorem B and C imply local connectivity. 

Proposition 16.1 Let G{j):UiQi{j) be a sequence of polynomial-like map- 

pings associated to a real polynomial f{z) = -\- ci such that the critical point c = 
e ^o{j) does not escape the domain of G{j) under iterations of G{j). (As before, we 
assume G{j): ^o{j) — > ^{j) is i-to-one, and each other G: — > is an isomor- 
phism.) Assume moreover, that there exist interval neighbourhoods X{j) of QqIJ) fl R 
so that when x, /*(a;) G X{j) then is an iterate of x under G{j) (we call this the 

first return condition^ and so that the modulus of the annuli Cx{j} \ f^o(i) is uniformly 
bounded away from zero. Then the Julia set of f is locally connected. 

Proof: If z is in the Julia set but u!{z) does not contain c then the Julia set is locally 
connected at z because of the contraction principle. So choose a point z from the Julia 
set of / so that u!{z) 3 c. Let P„ be an open piece of the Yoccoz puzzle (corresponding 
to fl) based on two preimages v, —v of the orientation reversing fixed point of / so that 
n M is either equal to [—v, v] or to a small neighbourhood of this interval. There 
exists a large integer N such that the full preimage G~^{Pn) is inside the domain of 
definition UjOj of G, see Section 3. Note that G~^{Pn) consists of finitely many (open) 
Yoccoz pieces. Let us consider the pieces of G~^ {Pn) inside the central domain Qq, 
i.e., 

p^ = G-^(POni]o. 

Since ljj{z) 3 c, there exists a minimal k such that /^(-z) G P'^. In particular, the point 
/*^(z) belongs to one of the Yoccoz pieces inside Oq- Let F be the branch of /^^ which 
maps a neighborhood of f^{z) to a neighbourhood of z. Let X be as in the statement 
of this lemma. 

Claim 1. The map F extends to a holomorphic map in the domain Cx- Proof of the 
claim. Assume the contrary. We then get that for some minimal r < k that f~^{Cx) 
(along the same orbit) meets the critical value Ci. This means that the branch 
follows the points Cj.+i = f^{ci) G Cx, Cr = /'"^^(ci),..., C2 = /(ci), Ci. Among these 
iterations of ci, let us mark all those Cj^, cj^, . . . , Cj^, where ji < j2 < ■ ■ ■ < jm, which 
hit the domain Cx (i-e., are in X). Because of the first return assumption there exists 
integers k{l) < k(2) < ... such that Cj, = G"^(i)(c), = G^^'^^''''^^\c:j-^) = G'''^^\c),..., 
= G'^M(c). It follows, that = f-'^'-^'> o G-C^M-i)^ where f~^'~'^^ is the 
branch from V to If corresponding to the restriction of G on Qq (so GI^o = f '^~^ ° /)• 
Hence, /-(^+i)(Cx n 1]) C ^-^(^^(l]) C Vlo and f'-'-^z) G f-^'^'\Pn) = {GlnoV o 
(^-fe(m)+i^p^'^ C P^. This contradicts the minimality of k and proves the claim. 

Now apply the claim to a sequence of maps G{j):UQi{j) ^{j)- This gives a 
sequence of annuli Cx(j) \ ^o(j) of modulus > 6 such that some iterate of z maps to 
a puzzle piece inside flo{j). Since the diameter of flo{j) shrinks to zero one completes 
the proof exactly like in the infinitely renormalizable case. □ 

Corollary 16.1 /// has infinitely many high first returns, then the Julia set is locally 
connected. 
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Proof: For each high return, we have a polynomial-hke mapping G : UjOj fl 
constructed in Sections 11-12, such that G\v is the first return map. Remember that 
fl here is a definite complex neighborhood of the interval V so that is inside a 
definite neighborhood of the interval U = [—u.v] C V and so that Gl^o = Denote 
by /' a maximal interval outside U with a common boundary point, such that f''^\i> is 
monotone, and let /^*('u) be the first moment when it leaves Then any /-iterate of 
c in the interval X = [— is, in fact, an iterate of c under G. Hence, we 
can apply the Proposition 2.1 (note that the gaps X \ Q n R are not small because of 
Proposition 7.1 [LS]. □ 



Let Wn be the sequence of intervals as in Section 2 and let Rn be the corresponding 
first return maps. We say that the return is low if the image of Rn of the central 
component Wn+i does not contain c and it is called central if Rn{c) C Wn+i- 

Lemma 16.1 There exists a universal number A > 1 (only depending on i) the fol- 
lowing property. Assume that we are in one of the following situations: 1 ) either Rn-i 
or Rn has a non-central low return; 2) the return of Rn-i is non-central high. Then 
\Wn\>X\Wn+i\. 

Proof: If Rn has a non-central low return then \Wn\ > A|W^„+i| according to the 
corollary on page 345 in [MS]. In the same way, if the return to Wn-i is non-central 
low then again |Wn-i| > Now let the first return map to W„ restricted to Wn+i 

be equal to There exists an interval neighbourhood T of f{Wn+i) such that f^~^ 
maps T diffeomorphically onto Wn-i and so that f~^{T) fl M C W„. Hence, using the 
Koebe Principle it follows that f~^(T) n M C Wn is a definite neighbourhood of 
So in this case we are done also. 

If the return map Rn-i to is high then according to part 1 of Lemma 1.2 

on page 342 in [MS] (or Proposition 7.1 of the present paper), the map on the central 
domain is a composition of / and a map with bounded distortion. From this and 
the fact that Rn-i has a non-central high return it follows that Wn+i has to be a 
definite factor smaller than Wn also. □ 



Of course, there are infinitely many integers n for which the map Rn-2 has a non- 
central return. Choose such an n and write T° = Wn, T"^ — Wn-i and study the 
situation as in Section 14. So take a first return map g as in Section 14 and define 
T^'*~^ to be the component of containing c. Let us begin by remarking that on page 
59 line -8 one better defines s minimal so that g^{T'^'^^^) fl ^ and on line -3 we 
should have defined s{x) as the smallest integer for which g^^'^^^x) and g^^^\c) are in 
different components of UjT^^ (so we have to also allow Tq.) Moreover on page 60 fine 
17 one should read g^ o g instead of g^~^^ o g. First we need the following proposition. 

From the lemma above, there exists a universal A > 1 (only depending on £) such 
that 

|T-^|>A|T°|. (16.12) 
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Now consider the return map g to T° with central domain = Wn+i- 

Lemma 16.2 Suppose that g,TZg, ■ ■ ■ I'TV'g exist. Then there exists a universal /t > 
(only depending on i) and a K-scaled neighbourhood W^^^ ofT^^^ such that each iterate 
of c inside W'^^^ is an iterate of c under the map TZ^g. 

Proof: First notice that there exists for each component / of an integer k such that 
g\I = f^. Moreover, there exists U D /(J) such that f^~^ maps U diffeomorphically 
onto and so that f~^{U) fl M C T°. In particular, some neighbourhood U of 
f{T^) is mapped diffeomorphically onto and because of (|16.12|) and by Koebe this 
implies that U contains a definite neighbourhood of f{T^) and since f~^{U) flM C T° 
one gets that some definite neighbourhood of is contained in T^. Hence there exists 
a universal A' > 1 (only depending on i) such that 

\T°\>X'\T^\. (16.13) 

Similarly each component / of the domain of g in T° has adjacent to it an interval 
/' C with one point in common with I 'further away from c' (i.e., so that / lies 
between /' and c) so that g\{I U I') is monotone and 

|/'| > p\I\. (16.14) 

For k = the result is obvious. Let us first show the lemma for k = 1. Let us first 
consider the case that g has a non-central low return. We claim that if x,g\x) G 
then g^{x) is an iterate of x under TZg. To see this we first remark that 

ng\{T^\T')=g. (16.15) 

Next take x E T^. If g{x) is contained in a component of Uj^o^/ which is entirely 
contained in g{T^) (which is in \ since the return was assumed to be low) then 
we have 7lg{x) = g'^{x). So if g'^{x) G then the required statement holds for x 
and if g'^{x) G T*^ \ then by ( |16.15|) again the required statement holds for x. If 



g{x) is not contained in such a component then x is contained in a symmetric interval 
j^2,i f~ rpi g^p]^ ^Yiai g(T^'^) is inside one of the components of Uj^o^/ (in fact, T^'^ 
is the component of g^^iUi^oTi) containing c). In particular g{x) ^ T^. So if x is 
not as before consider g'^{x). If g'^{x) is contained in a component of Uj^o^/ which 
is entirely contained in g{T'^'^) then TZg{x) = g^{x) and by ( |16.15D again the required 



statement holds for x. If g (x) is not contained in such a component then again x is 
contained in a symmetric interval T^'^ C T^'^ such that g'^{T'^''^) is inside one of the 
components of Ui^qT^ and in particular g'^{x) ^ T^. In this way one proves the claim 
inductively. Now we set W"^ = and it suffices to show that is a definite amount 
larger then T^. To see this write g\T^ = f^. The map maps some neighbourhood 
of f{T^) diffeomorphically onto T° (in fact onto we do not need this anymore), and 
because the Koebe Principle and because of (|16.14|) it follows that a definite piece of 
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is mapped by g outside any given component in \ T^ of g. Hence |r^| > (1 + 
for some universal number k > 0. 

If g has a central low return then define Sq as before and consider a (shrinking) 
nested sequence of intervals T^'^o-^ c . . .T^'" := such that g{dT'^'') C dT^'''^ for 
z = 1, . . . , So — 2 (so these intervals are associated to the saddle-cascade of the central 
branch; they are symmetric around c and their endpoints are preimages of dT^ under 
the central branch of 5^). 

Since we now assume that one has a central return we have Sq > 2. Because of the 
corollary on page 345 of [MS], one has a universal A > 1 (only depending on €) such 
that |T^'*o~2| > A|T^'*°~^| and because of ( p.6.13| ) and the Koebe Principle we get in 



the same way also 

|y2,0| y ^|y2,l|_ (16.16) 

(If one has a long saddle-cascade a similar uniform comparison between T^'* with 
ji2,j-i certainly not true.) Now Sq is by definition the minimal integer such that 
(7*"^^(c) ^ T^. As in ( |16.16|) one has that \g'^°~^{c) — g'^"~'^{c)\ is comparible to size 
of T^'O \ T^'i, i.e., to the size to T° \ T^. Write ^^o-2|2-2,so-2 ^ r^^^^ follows 
from this that some neighbourhood of J(T^'''°~^) is mapped by onto a definite 

neighbourhood of /'"(T2'^°-2). So 

jm-i|j(^y2,so-2^ has uniformly bounded distortion. (16.17) 

Now define W'^ D to be equal to T^''^"^^. One has by construction that g{T^) H 
2-2,so-2 ^ g^^^ definition of TZg if x,g^{x) G T'^'^° ^ then g^{x) is an iterate of x 
under TZg. So it suffices to show that V"^ is a definite amount larger than T^. But this 
follows from (|16.14|) and ( |16.17] ). 



Now if 5f, . . . , TZ'^g are defined then we get |T*| > A|T*+^| for i = 0, . . . , /c. If TV^^^g 
has a non-central low return then and this we can set V^^^ = and we are done. If 
jl^-ig j^g^g ^ central low return then we argue as above with intervals T'^"'"^'*. □ 

If g, TZg, TZ^g, ... all exist then there exists TZ'^g with central domain T'^+^ which has 
a polynomial-like with central piece fio(^) ^ T^^^ extension and Lemma [L6.2| gives an 
interval W''^^ D j^fc+i g^^j^ ^]^^^ ^^le modulus of C^i/fe+i \ 0,o{k) is uniformly bounded 
from below and a first return condition is satisfied. Because of Proposition |16.1| above 



the Julia set is locally connected if this case happens infinitely often. If g, . . . , 7Z g exist 
but TZ^g has a high return then according to Lemma 14.2 either TZ'^g has a polynomial- 
like extension and we can again use Lemma |16.2| above or one considers gi = WTZ^g 
which has a better extension domain. Remark that WTZ^g is by construction a first 
return map to its domain. So we can apply Lemma 14.2 again when gi, . . . , TZ^^g are 
well defined (with again the first return condition and even better extension scale). By 
assertions 2 and 3 of Lemma 14.2 we must reach a situation which has a polynomial-like 
extension. In this way we get eventually a map which a polynomial-like extension and 
satisfies the required conditions of Proposition |16.1| above. Thus we get 



Corollary 16.2 The Julia set of f is locally connected. 
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